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ABSTRACT
Spectral distortions of the cosmic microwave background (CMB) provide a unique tool for
learning about the early phases of cosmic history, reaching deep into the primordial Universe.
At redshifts z . 106, thermalization processes become inefficient and existing limits from
COBE/FIRAS imply that no more than ∆ρ/ρ . 6 × 10−5 (95% c.l.) of energy could have
been injected into the CMB. However, at higher redshifts, when thermalization is efficient,
the constraint weakens and ∆ρ/ρ ' 0.01 − 0.1 could in principle have occurred. Existing
computations for the evolution of distortions commonly assume ∆ρ/ρ  1 and thus become
inaccurate in this case. Similarly, relativistic temperature corrections become relevant for large
energy release, but have previously not been modeled as carefully. Here we study the evolu-
tion of distortions and the thermalization process after single large energy release at z & 105.
We show that for large distortions the thermalization efficiency is significantly reduced and
that the distortion visibility is sizeable to much earlier times. This tightens spectral distortions
constraints on low-mass primordial black holes with masses MPBH . 2 × 1011 g. Similarly,
distortion limits on the amplitude of the small-scale curvature power spectrum at wavenum-
bers k & 104 Mpc−1 and short-lived decaying particles with lifetimes tX . 107 s are tightened,
however, these require a more detailed time-dependent treatment. We also briefly discuss the
constraints from measurements of the effective number of relativistic degrees of freedom and
light element abundances and how these complement spectral distortion limits.
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1 INTRODUCTION
The cosmic microwave background (CMB) has delivered a wealth
of information about the Universe we live in, clearly estabilishing
ΛCDM as the preferred cosmological model (Bennett et al. 2003;
Planck Collaboration et al. 2016). One of the important pillars of
this model was forged with the discovery of the CMB (Penzias
& Wilson 1965), yet another with the proof of the CMB’s black-
body nature (Mather et al. 1994; Fixsen et al. 1996). However, the
path towards precision cosmology was successfully paved by stud-
ies of the CMB temperature and polarization anisotropies, and we
are now looking at a bright future for observations of CMB polar-
ization signals and secondary anisotropies, with many experiments
coming online or being planned (The SO Collaboration et al. 2018;
Suzuki et al. 2018; Delabrouille et al. 2018; Hanany et al. 2019;
Delabrouille et al. 2019; Basu et al. 2019).
One of the next frontiers in CMB research is the measurements
of CMB spectral distortions from the early Universe (Chluba et al.
2019b,a). Energy release in the early Universe caused by both stan-
dard and non-standard processes can change the thermodynamic
equilibrium between matter and radiation, imprinting various de-
? E-mail:jens.chluba@manchester.ac.uk
† E-mail:andrea.ravenni@manchester.ac.uk
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partures of the CMB energy spectrum from that of a blackbody,
thereby providing a probe of the thermal history deep into the pre-
recombination era (Zeldovich & Sunyaev 1969; Sunyaev & Zel-
dovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991; Hu &
Silk 1993a). The measurements of COBE/FIRAS in the early 90’s
still stand as the most robust limit on early energy release, implying
no more than ∆ρ/ρ . 6×10−5 (95% c.l.) (Fixsen et al. 1996; Fixsen
2009) was injected into the CMB at redshifts z . 106. However, we
are now experimentally ready for the next level of precision, and
innovative spectrometer designs may open a new window to the
early Universe in the decades to come (Kogut et al. 2011; Andre´
et al. 2014; Kogut et al. 2016, 2019; Delabrouille et al. 2019).
The great potential of spectral distortions lies in their abil-
ity to constraint a wide range of standard and non-standard pro-
cesses (Sunyaev & Chluba 2009; Chluba & Sunyaev 2012; Sun-
yaev & Khatri 2013; Tashiro 2014; De Zotti et al. 2016; Chluba
2016; Lucca et al. 2020). This can complement other cosmological
probes in particular by shedding light on processes occurring at red-
shifts z & 103, in principle giving us the opportunity to distinguish
various scenarios of distortions through precise CMB spectroscopy
(e.g., Chluba 2013; Chluba & Jeong 2014).
The evolution of spectral distortions for various energy release
scenarios can be described in detail using CosmoTherm (Chluba
& Sunyaev 2012). This thermalization code already includes state
of the art descriptions of the various thermalization mechanisms,
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also accounting for leading order temperature relativistic correc-
tions. However, like most treatments of the thermalization problem
it assumes that the distortions are small at any stage of their evolu-
tion. At redshifts z . 106, when the photon production by double
Compton (DC) and Bremsstrahlung (BR) slows, this indeed is a
requirements to ensure that the constraints from COBE/FIRAS are
not violated as the distortion visibility1 approaches unity. However,
earlier, a significant amount of energy, reaching ∆ρ/ρ ' 0.01− 0.1,
can in principle still be ingested. In this case, the thermalization
problem becomes non-linear, and the numerical treatment has to
be modified to obtain reliable CMB distortion limits.
In previous works (Burigana et al. 1991; Hu & Silk 1993a),
this situation was already studied numerically for a few examples
using the Kompaneets equation (Kompaneets 1956) to describe
Compton scattering, the Lightman approximation (Lightman 1981)
for the DC emissivity, and various simple approximations for the
BR process. This showed that the thermalization of large distor-
tions is indeed slower, such that the limits on early energy release
ought be tighter. However, due to the lack of simple approximations
and efficient numerical treatments, current distortion constraints on
various energy release scenarios are commonly obtained using the
small distortion limit. For COBE/FIRAS, this is expected to become
inaccurate at2 z & 3× 106, which is well inside the µ-distortion era.
To obtain accurate constraints, the problem cannot be simply
augmented without including additional effects. For large energy
release, the temperature of the electrons can become high (i.e.,
θe = kTe/mec2 & 0.01 or a few keV), such that relativistic cor-
rections become important. Even at z ' 107, the temperature of the
cosmic plasma only reaches θe ' 4.6 × 10−10(1 + z) ' 5 × 10−3 for
a standard thermal history, such that relativistic corrections usually
remain fairly small (Chluba 2005, 2014). However, the Compton
equilibrium temperature of electrons in a strongly distorted CMB
spectrum can be much higher (Sazonov & Sunyaev 2001). This
affects the DC and BR emissivity of the plasma, which can now
be accurately described using DCpack (Ravenni & Chluba 2020)
and BRpack (Chluba et al. 2020). In addition, the Comptonization
process is no longer described using the simple Kompaneets equa-
tion (Sazonov & Sunyaev 2000), and a Compton kernel approach
is more appropriate. With CSpack, this can today be done quasi-
exactly (Sarkar et al. 2019), thus in principle allowing us to elimi-
nate all approximations to the main thermalization calculations.
In this paper, we will take an important step into this direc-
tion, considering the evolution of spectral distortions after single
energy injection in the µ-distortion era. We will provide the gen-
eral formulation of the problem and then explain various simpli-
fications valid in the µ-era for single-injection scenarios (Sect. 2).
We mainly study the problem numerically, but provide supporting
analytical estimates where possible. This allows us to demonstrate
that the distortion visibility is greatly enhanced for energy release
in excess of ∆ρ/ρ ' 0.01, which affects the distortion constraints
at early times (see Fig. 10).
We will highlight the relevance of various effects and point
out the most important differences between the small and large dis-
tortion regimes (Sect. 3). Our analysis implies that a treatment of
continuous energy release scenarios requires a more careful consid-
1 This defines the amount of energy that is still seen as a distortion today,
and will be defined carefully in Sect. 5.
2 This redshift can be estimated using the small-distortion visibility func-
tion and asking when the possible ∆ρ/ρ exceeds ' 0.01 at a given distortion
sensitivity (see Fig. 15).
eration also including modifications to the Hubble expansion rate
as well as detailed time-dependent effects, which dependent on the
energy release history. Indeed, we argue that even for small dis-
tortion scenarios, time-dependent corrections cannot be indepen-
dently added to the computations, such that distortion visibility
approaches (e.g., Chluba 2005; Khatri & Sunyaev 2012; Chluba
2014) become inaccurate. A detailed treatment of continuous en-
ergy release scenarios is, however, left to a forthcoming paper.
We use our calculations to update CMB distortion constraints
on primordial black holes (PBH), slightly improving the limits on
BH with masses MPBH . 2 × 1011 g that evaporate through Hawk-
ing radiation in a very bursty, quasi-instantaneous manner. The-
constraints from COBE/FIRAS could be improved with a PIXIE-
like spectrometer (Kogut et al. 2011, 2019), further extending our
reach into even earlier epochs. We also briefly discuss the ex-
pected constraints on the small-scale power spectrum at wavenum-
ber k & 104 Mpc−1 (Sunyaev & Zeldovich 1970a; Daly 1991; Hu
et al. 1994; Chluba et al. 2012b,a), and decaying particles with life-
times tX . 107 s (e.g., Sarkar & Cooper 1984; Hu & Silk 1993b;
Kawasaki et al. 2005), but leave a more detailed treatment to the fu-
ture. We furthermore contrast CMB distortions constraints to those
obtained from measurements of light elements (e.g., Kawasaki
et al. 2005) and the effective number of relativistic degrees of free-
dom, Neff (e.g., Simha & Steigman 2008).
2 FORMULATION OF THE PROBLEM
Early on, until some ' 108 − 109 seconds after the big bang, ther-
malization processes are extremely rapid such that after a very short
relaxation time following a disturbance away from the initial full
equilibrium state (e.g., by heating the matter or direct photon in-
jection), the photon distribution evolves along a sequence of quasi-
stationary stages3 (Sunyaev & Zeldovich 1970b; Danese & de Zotti
1982). The degrees of freedom in the photon-baryon system in the
early phase are indeed quite limited, and we can resort to a macro-
scopic description of the problem.
We shall assume that the electron and baryon distribution
functions are given by a relativistic Maxwell-Boltzmann distribu-
tions, which are all characterized by the electron temperature, Te,
and the fixed comoving number densities of particles (defined by
Ne, Np etc at various redshifts z). We also assume that, due to the ex-
ceedingly large number of photons over baryons, the heat capacity
of the baryon-electron system, henceforth referred to collectively as
baryons, is negligible for most practical purposes. In this case, any
injection of energy ultimately is stored by the photon field. Density
perturbations of the medium will be neglected too and only the uni-
form background evolution has to be considered. We will for now
also assume only one single injection occurs, even if many of the
equations are kept general.
For the photons, the initial spectrum shall be described by that
of a blackbody at a temperature T inγ = T
in
e . This fixes the initial
photon energy and number densities according to the blackbody
relations, ργ ∝ T 4γ and Nγ ∝ T 3γ . At redshift, zh, we shall inject
some energy and photons into the medium. Injected photons also
carry energy and directly appear as a change in the photon energy
density, while injected heat may first only modify the matter tem-
perature before equilibrating with the photon fluid (moving mirrors
would directly ’heat’ photons but usually heat transfer detours via
3 This just broadly means that the shape and amplitude of the distortion
evolve very slowly compared to Comptonization timescales.
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the matter inside the Universe). The total injected energy (heat and
the energy that the injected photons carry) increases the energy den-
sity of the photon field to ρ′γ = ργ(1+ρ). This defines the final tem-
perature4 of the new equilibrium blackbody T eqγ = T inγ (1 + ρ)
1/4. It
is important to recognize that this temperature will only be reached
if the thermalization process completes, which in practice depends
on the injection redshift zh. The final temperature is furthermore in-
dependent of the injected number of photons, which just affect how
far away from T eqγ one will start (Chluba 2014). In full equilibrium
we will eventually have T eqe = T
eq
γ .
The evolution towards the final equilibrium (if ever reached)
has several features. Again, we assume that quasi-stationary evo-
lution occurs after a very short relaxation time, with the evolution
of the photon-baryon system depending mainly on the momentary
photon energy and particle number densities. The electron tem-
perature is driven close to the Compton equilibrium temperature,
T eqe , which depends on the spectrum of the photon distribution as
described below. The small corrections accounting for the energy
taken to produce/absorb photons by BR and DC emission or the
slow adiabatic expansion of the Universe can be easily added un-
der quasi-stationary conditions (Chluba & Sunyaev 2012).
Before full equilibrium is reached, speaking of the ’photon
temperature’ is not very meaningful as the distorted spectrum is de-
fined by two ’macroscopic’ parameters, allowing to separately fix
the momentary photon energy and number densities. Any photon
distribution may be described by a Bose-Einstein spectrum
nBE(x) =
1
ex+µ(x) − 1 , (1)
with x = hν/kTe and frequency-dependent chemical potential µ(x).
We directly chose the electron temperature as a scale in the problem
for reasons that will become evident below. However, generally we
could have chosen any other convenient reference.
While µ(x) depends on frequency, by assuming quasi-
stationary evolution the only real degree of freedom is the overall
normalization. The shape of the distortion is fully determined by
Comptonization and the photon production processes5 as described
below and used in the early works on the problem (Sunyaev & Zel-
dovich 1970b; Danese & de Zotti 1982). It is set by ’microscopic’
degrees of freedom, determining how the plasma reacts to heat and
photon injection. For simplicity we can thus think of the spectral
evolution as an evolution of the chemical potential amplitude or
equivalently the number density of photons. However, the shape
depends both on the particles densities and the overall level of de-
parture from full equilibrium as we will further explain.
2.1 Photon Boltzmann equation and its moments
Including both Compton scattering (CS), photon production pro-
cesses (DC and BR) and a photon source term (e.g., from a de-
caying particle), the photon Boltzmann equation in the expanding
Universe reads (e.g., Hu & Silk 1993a; Chluba & Sunyaev 2012)
∂ n
∂τ
∣∣∣∣∣
x
− x ∂ n
∂x
∣∣∣∣∣
τ
[
H
τ˙
+
∂τTe
Te
]
=
dn
dτ
∣∣∣∣∣
CS
+
dn
dτ
∣∣∣∣∣
em
+
dn
dτ
∣∣∣∣∣
S
. (2)
The collision terms will be specified in Sect. 3. For convenience, we
use the Thomson scattering optical depth, dτ = τ˙ dt = cNeσT dt,
4 A small fraction of energy is drained to the baryons, which we neglect
here but return to later.
5 For continuous energy release also the time-dependence of the injection
mechanism becomes a parameter, as we explain below.
as time-coordinate. Assuming that the photon distribution evolves
under exact quasi-stationary conditions, the left hand side of this
equation vanishes6. Compton scattering alone leads to a Bose-
Einstein spectrum with constant chemical potential, but photon ad-
justing terms restore µ = 0 at low frequencies. At a fixed energy
density, this also modifies the high-frequency spectrum, affecting
the heat capacity of the photon field (Chluba 2014). These features
will be studied in more detail below.
To make progress, we compute the first two moments of the
Boltzmann equation, corresponding to photon number and energy
densities. This leads to
d ln a3Nγ
dτ
=
d ln a3Nγ
dτ
∣∣∣∣∣∣
em
+
d ln a3Nγ
dτ
∣∣∣∣∣∣
S
(3)
d ln a4ργ
dτ
=
d ln a4ργ
dτ
∣∣∣∣∣∣
CS
+
d ln a4ργ
dτ
∣∣∣∣∣∣
em
+
d ln a4ργ
dτ
∣∣∣∣∣∣
S
,
where we used the fact that Compton scattering conserves photon
number. The terms on the right hand side are all caused by col-
lisions, which can be thought of in comoving coordinates. Notice
that on the left hand side no explicit dependence on Te appears,
as the corresponding terms disappear when taking the moments.
This simply is a reflection of the fact that without collision each
of the quantities on the left hand side are conserved. Even for the
standard thermal history and in the absence of perturbations in the
medium, this case is never reached due to the adiabatic cooling of
the baryons, which continuously extracts a tiny amount of energy
from the photons (Chluba 2005; Chluba & Sunyaev 2012).
2.2 Evolution of the baryons
We assume that all baryons follow relativistic Maxwell-Boltzmann
distributions at a common temperature. In this case the energy den-
sity of of each species i = {e,H+,He++} is given by (compare, e.g.,
Chluba 2005)
ρi = mic2Ni +
3
2
kTe Ni F
(
kTe
mic2
)
(4)
F(x) =
[
2 +
2K1(1/x) − 2K2(1/x)
3xK2(1/x)
]
≈ 1 + 5
4
x − 5
4
x2 +
45
64
x3
where Km(y) denotes the modified Bessel function of kind m. Since
the masses of hydrogen H+ and He++ are much larger than the elec-
tron mass, at a fixed temperature one can neglect relativistic correc-
tions to the kinetic energy for those species (F ≈ 1), however, they
are easy to include.
We are now interested in phases right after Big Bang Nucle-
osynthesis (BBN) but well before the recombination era. We then
have d ln a3Ni/ dτ = 0 for each species. For the evolution of the
total baryon energy density (ρb =
∑
ρi and Nb =
∑
Ni) we then
obtain (e.g., see Hu 1995; Chluba 2005, for derivations)
da3ρb
a3dτ
+ 3
H
τ˙
Pb =
3
2
kNb
d [TeFb(Te)]
dτ
+ 3 kNb
H
τ˙
Te
=
da3ρb
a3dτ
∣∣∣∣∣∣
h
+
da3ρb
a3dτ
∣∣∣∣∣∣
γ
Fb(Te) ≈ 1 + NeNb
[
F
(
kTe
mec2
)
− 1
]
, (5)
which assumes that Coulomb interactions ensure Maxwellians for
all species at Te ≡ Ti but can also cause net heating by external
6 Naturally ∂τn ≈ 0 and Hτ˙ + ∂τTeTe = ∂τ ln aTe ≈ 0.
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energy injection into the system, determined by da3ρb/a3dτ
∣∣∣
h
. The
interaction with the photons, ∝ da3ρb/a3dτ
∣∣∣
γ
, are mostly mediated
through the electrons by the Compton scattering and DC/BR emis-
sion terms. We next define the baryon heat capacity
C∗V =
∂ρb
∂Te
∣∣∣∣∣
V,N
=
3
2
kNb
[
Fb(Te) + Te∂Te Fb(Te)
]
≈ 3
2
k
[
Nb +
5
2
θe Ne
(
1 − 3
2
θe +
9
8
θ2e
)]
=
3
2
kNb
(
1 + λ
)
, (6)
where λ = 52 θe
Ne
Nb
(
1 − 32 θe + 98 θ2e
)
accounts for leading order rel-
ativistic temperature corrections caused by the electrons (Chluba
2005). With H/τ˙ = dτ ln a, we can then write the temperature evo-
lution equation in the form
d ln aTe
dτ
=
[
1 − 3 kNb
C∗V
]
d ln a
dτ
+
ρb
C∗V Te
 d ln a3ρbdτ
∣∣∣∣∣∣
h
+
d ln a3ρb
dτ
∣∣∣∣∣∣
γ
 . (7)
The coefficient in front of d ln a/ dτ can be further simplified to
1 − 3 kNb
C∗V
≈ −
1 − 52 θe NeNb
(
1 − 32 θe + 98 θ2e
)
1 + 52 θe
Ne
Nb
(
1 − 32 θe + 98 θ2e
) = −1 + 2λ
1 + λ
. (8)
The second term in Eq. (7) is due to heating of the baryons by col-
lision with other matter particles and the last is due to interactions
with the photon, i.e., photon emission and Compton scattering.
2.3 Thermodynamics for constant chemical potential
Let us first entirely omit the effects of DC and BR emission. In
this case, kinetic equilibrium between the electrons and photons is
reached once a constant chemical potential distortion is established,
µ = µc, simply as a consequence of Compton scattering (Sunyaev &
Zeldovich 1970c). After the energy injection, the electron tempera-
ture can in principle depart significantly from the final equilibrium
temperature, T eqγ = T inγ (1 + ρ)
1/4, but after a short relaxation time
the new equilibrium is determined by (e.g., Burigana et al. 1991;
Chluba 2015)T inγTe
3 [1 + N] ≡ (T eqγTe
)3
1 + N
(1 + ρ)3/4
= G2(Te) (9a)T inγTe
4 [1 + ρ] ≡ (T eqγTe
)4
= G3(Te), (9b)
Gk(T ) = 1
Gplk
∫
xk dx
ex+µc(T ) − 1 , (9c)
with N = ∆N/N and ρ = ∆ρ/ρ characterizing the total disturbance
away from the initial equilibrium blackbody at temperature T inγ .
The integrals Gk(T ) can be expressed using poly-logarithms. Here,
we also used the blackbody integrals, Gplk =
∫
xk/(ex − 1) dx, yield-
ing Gpl2 ≈ 2.404 and Gpl3 ≈ 6.4939. We furthermore expressed the
conditions in terms of the final (to be reached) equilibrium black-
body temperature T eqγ = T inγ (1 + ρ)
1/4.
Assuming that T inγ , ρ and N are given we can then solve for
Te and µc. Alternatively, we can also fix T inγ , Te and N or any other
combination of three parameters to determine the final state as con-
venient. For µc , 0 this means Te , T
eq
γ , and without also adjusting
the photon number, T eqe = T
eq
γ cannot be fulfilled. This is where DC
and BR emission come into play, as we explain below.
2.3.1 Small distortions (µc  1)
While the conditions, Eq. (9), for general N and ρ are easily solved
numerically, in the limit, ρ  1 and N  1, this leads to the well-
known solution (Sunyaev & Zeldovich 1970b; Burigana et al. 1991;
Hu & Silk 1993a; Chluba 2015)
T inγ
Te
≈ 1 − 0.4561µc − N3 ≈ 1 + 0.5185N − 0.6389 ρ (10a)
µc ≈ 1.401ρ − 1.8675N = 1.401
(
ρ − 43 N
)
. (10b)
In this work, we are interested in cases with significant µc and thus
use Eq. (9) to compute the boundary conditions. From Eq. (10),
we can still read off the general behaviour of the solution. Heat-
ing the medium increases both the chemical potential and elec-
tron temperature. Adding photons at fixed chemical potential fur-
ther increases the electron temperature, while at fixed ρ the elec-
tron temperature and chemical potential decrease together. Com-
paring to the final equilibrium temperature T eqγ /T inγ ≈ 1 + ρ/4 with
Te/T inγ ≈ 1+0.6389 ρ−0.5185N one can find that for N & (3/4) ρ
the initial electron temperature is Te < T
eq
γ . In this case, a negative
chemical potential is formed (e.g., Chluba 2015) and the average
energy of the photons
〈
Eγ
〉
= kTe
∫
x3 dx
ex+µc−1∫
x2 dx
ex+µc−1
≈ 2.701kTe(1 + 0.2578µc)
= 2.701kT inγ (1 + ρ − N)
is lower than 2.701kT eqγ of the final equilibrium blackbody. Note
that N can never exceed ρ in physical systems. It is also clear that a
constant negative chemical potential is physically inconsistent and
that at low frequencies one has µ→ 0 due to DC and BR emission.
2.3.2 Large distortions (µc  1)
Assuming large energy release or photon injection, we can write
n ≈ e−x−µc . In this case, the integrals in Eq. (9) can be carried out
analytically yieldingT inγTe
3 [1 + N] ≡ (T eqγTe
)3
1 + N
(1 + ρ)3/4
≈ 2
Gpl2
e−µc (11a)
T inγTe
4 [1 + ρ] ≡ (T eqγTe
)4
≈ 6
Gpl3
e−µc . (11b)
Hence, the chemical potential grows as µc ≈ 4 ln(0.9804 Te/T eqγ )
with the electron temperature. In contrast, for small distortions we
have µc ≈ 3.602(Te − T eqγ )/T eqγ . These relation are useful for esti-
mates of the expected range of electron temperatures.
2.3.3 Heat capacity of the photon-baryon fluid for µ(x) = const
By assuming that photon production processes are negligible, we
can obtain explicit expressions for the heat capacity of the photon-
baryon fluid. The energy density of the system is given by the sum
of the photon and matter energy densities. The heat capacity at con-
stant number of photons and constant volume is then given by
∂ρtot
∂T
∣∣∣∣∣∣
N,V
≈ 3
2
k Nb +
∂ργ
∂T
∣∣∣∣∣∣
N,V
, (12)
where we used the non-relativistic expression for the thermal en-
ergy of the gas particles. The temperature appearing in the above
c© 0000 RAS, MNRAS 000, 000–000
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equation is the electron temperature. The photon number density
is given by Nγ(T ) = N
pl
γ (T )G2(T ), while the energy density is
ργ(T ) = ρ
pl
γ (T )G3(T ). Here, Nplγ (T ) ∝ T 3 and ρplγ (T ) ∝ T 4 are
the corresponding blackbody relations. The derivative of the pho-
ton energy density with respect to T then is given by
∂ργ
∂T
∣∣∣∣∣∣
N,V
=
4ργ
T
− 3kNγT ∂µc
∂T
∣∣∣∣∣∣
N,V
. (13)
Usually, the chemical potential derivative is set to zero, as photons
are quickly replenished (e.g., by the walls of the photon cavity).
However, here we assume a constant photon number. Thus, in our
case, µc can be eliminated using
0 =
∂Nγ
∂T
∣∣∣∣∣∣
N,V
=
3Nγ
T
− 2Nγ
Gpl1 G1(T )
Gpl2 G2(T )
∂µc
∂T
∣∣∣∣∣∣
N,V
⇒ ∂µc
∂T
∣∣∣∣∣∣
N,V
=
3
2T
Gpl2 G2(T )
Gpl1 G1(T )
. (14)
Altogether this then yields
∂ργ
∂T
∣∣∣∣∣∣
N,V
=
4ργ
T
− 9
2
k Nγ
Gpl2
Gpl1
G2(T )
G1(T ) . (15)
with Gpl2 /G
pl
1 ≈ 1.4615. Even if we initially assume µc = 0, this
expression shows that a second term appears in addition to the ex-
pected first contribution. How should we interpret this term? By
adding heat to the matter, photons up-scatter and thus reduce the
effective increase of the matter temperature. However, since we as-
sume that the number of photons is fixed, at this higher tempera-
ture, the heat capacity of the photon fluid is reduced in comparison
with the heat capacity of a blackbody at the electron temperature.
This reduction is described by the second term. The required en-
ergy to increase the matter temperature by some amount is thus
significantly lower than it would be without this modification. For
an initial blackbody spectrum we obtain
∂ρ
pl
γ
∂T
∣∣∣∣∣∣
N,V
=
4Gpl3
Gpl2
− 9
2
Gpl2
Gpl1
 k Nplγ (T ) ≈ 4.2279 k Nplγ (T ). (16)
Without the correction this would be ∂Tρ
pl
γ
∣∣∣
N,V
≈ 10.805 k Nplγ (T ),
so more than a factor of two larger.
It is interesting to ask when this aspect is relevant. Even when
we include DC and BR photon production, we still find that the ba-
sic picture is not changed that much. The integralsGk(T ) are merely
modified a little, unless thermalization processes are so rapid that
full equilibrium is basically restored instantaneously. In the early
Universe, this is only possible during the first ' 106 s, correspond-
ing to up to about a month after the big bang. The baryon density
is Nb & 1011 cm−3 at those times, but afterwards, even until today,
some ' 14 billion years later, the spectrum would still be distorted
(Burigana et al. 1991; Hu & Silk 1993a), and thus the heat capac-
ity reduced, violating the simple adiabatic case. On the other hand
thinking about a blackbody in a cavity with reflecting walls, one
can likely assume adiabatic conditions at any state given that the
thermalization timescales are those of electrons in a solid state.
2.4 Generalization to include photon production
In the early Universe, photon production by DC and BR are not
negligible and the momentary spectrum will no longer be described
by a Bose-Einstein spectrum with constant chemical potential.
However, generalizing to a frequency-dependent chemical potential
µ(x) allows to describe the new quasi-stationary state. We are again
not interested in the precise evolution of the system during the very
short relaxation time that is needed to reach the quasi-stationary
state. Let us first only consider heating with no external photon in-
jection. Right after the energy release, the electron temperature will
increase above T eqγ . Then up-scattering of photons will reduce the
temperature with the quasi-stationary state given by Eq. (9) were
we neglect DC and BR emission. However, the DC and BR photon
production during the relaxation process will modify the resulting
quasi-stationary state in two ways: i) the Compton equilibrium tem-
perature will decrease slightly and ii) the number of photons is no
longer just defined by N = 0. Indeed because of ii), without fol-
lowing the exact relaxation of the system to the quasi-stationary
state we cannot precisely perform the mapping from T inγ , N and ρ
to the quasi-stationary state of the spectrum shortly after.
How can we then make progress? By simply ignoring the ex-
act physics of the relaxation process and imposing (or computing)
the conditions Eq. (9) after the relaxation is finished. This per-
spective defines a two-step scheme to describing the evolution of
spectral distortions in the early Universe. We first need to deter-
mine a solution for the shape of the spectral distortion by means
of the frequency-dependent chemical potential, µ(x), and then de-
termine the slow quasi-stationary evolution of the photon number
by thermalization processes afterwards using the solution for µ(x).
In the second step, one can think of the evolution of Nγ as being
linked to the high-frequency amplitude of the chemical potential.
This essentially imposes suitable normalization conditions on the
average chemical potential (Chluba 2014). In contrast to the evolu-
tion of small distortions, we will generally find that the shape also
depends significantly on the total amplitude of the distortion, thus
leading to non-linear effects that determine the precise trajectory
that the photon distribution will take along the sequence of quasi-
stationary states. Note, however, that this simplified picture only
applies to single energy release, as we detail below.
2.4.1 Generalized evolution equations for Te and µρ
We can now obtain the required evolution equation for the photon
number and energy densities during the quasi-stationary stage, as-
suming that we already have the solution for µ(x). It is then easy to
show that in the expanding Universe we have
da3Nγ
a3 dτ
=
3Nγ
aTe
daTe
dτ
− Nγ
∫
x2ex+µ(x) dx
(ex+µ(x)−1)2
dµ(x)
dτ∫
x2 dx
ex+µ(x)−1
, (17a)
da4ργ
a4 dτ
=
4ργ
aTe
daTe
dτ
− ργ
∫
x3ex+µ(x) dx
(ex+µ(x)−1)2
dµ(x)
dτ∫
x3 dx
ex+µ(x)−1
. (17b)
Defining the weighted average
〈Y(x)〉k =
∫
xkn(1 + n)Y(x) dx∫
xkn dx
=
∫
xkex+µ(x) dx
(ex+µ(x)−1)2 Y(x)∫
xk dx
ex+µ(x)−1
,
this can also be case into the more compact form
d ln a3Nγ
dτ
= 3
d ln aTe
dτ
−
〈
dµ
dτ
〉
2
, (18a)
d ln a4ργ
dτ
= 4
d ln aTe
dτ
−
〈
dµ
dτ
〉
3
. (18b)
We now introduce µ(x, τ) = µρ(τ) ξ(x, τ), where µρ(τ) is a suitable
amplitude of the chemical potential, e.g., always defined at x = 10.
While this choice is arbitrary, at high frequencies we find µ(x) '
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const, further motivating this definition. With this we then obtain
the two evolution equations
d ln aTe
dτ
=
M2 d ln a4ργ
κ dτ
− M3 d ln a
3Nγ
κ dτ
(19a)
+
µρ
κ
[
M2
〈
dξ
dτ
〉
3
−M3
〈
dξ
dτ
〉
2
]
,
dµρ
dτ
=
3 d ln a4ργ
κ dτ
− 4 d ln a
3Nγ
κ dτ
+
µρ
κ
[
3
〈
dξ
dτ
〉
3
− 4
〈
dξ
dτ
〉
2
]
, (19b)
Mk = 〈ξ(x, τ)〉k , κ = 4M2 − 3M3. (19c)
For µρ  1, the problem can be linearized and we obtain the for-
mulation given by Eq. (9) of Chluba (2014).
The above equations can be further reduced by eliminating the
terms ∝ d ln a4ργ/ dτ. Using Eq. (5), we can write
da4ργ
a4 dτ
+
da3ρb
a3 dτ
+ 3
H
τ˙
Pb =
da4ρb
a4dτ
∣∣∣∣∣∣
S
+
da3ρb
a3dτ
∣∣∣∣∣∣
h
≡ Q˙ex
for the photon-baryon system. Here, Q˙ex defines the energy density
added externally to the photon-baryon system, thought of as heat
and photons. Here, ’external’ can mean the decay of a dark matter
particle or some scalar field or even PBH evaporation. Since
da3ρb
a3 dτ
+ 3
H
τ˙
Pb =
3
2
kNbTe
[(
1 + λ
) d ln aTe
dτ
+
(
1 − λ
) d ln a
dτ
]
,
with C∗V =
3
2 kNb(1 + λ) we find
d ln a4ργ
dτ
=
Q˙ex
ργ
− C
∗
V Te
ργ
[
d ln aTe
dτ
+
1 − λ
1 + λ
d ln a
dτ
]
.
Together with Eq. (18a), after a few rearrangements, we then have
d ln aTe
dτ
=
M2
κ∗
Q˙∗ex
ργ
− M3 d ln a
3Nγ
κ∗ dτ
+
µρ
κ∗
[
M2
〈
dξ
dτ
〉
3
−M3
〈
dξ
dτ
〉
2
]
≡ Q˙
b
ex
C∗V Te
− 1 − λ
1 + λ
d ln a
dτ
− ργ
C∗V Te
d ln a4ργ
dτ
∣∣∣∣∣∣
CS+em
,
dµρ
dτ
=
3
κ∗
Q˙∗ex
ργ
− 4α d ln a
3Nγ
κ∗ dτ
+
µρ
κ∗
[
3
〈
dξ
dτ
〉
3
− 4α
〈
dξ
dτ
〉
2
]
,
Q˙∗ex
ργ
=
Q˙ex
ργ
− C
∗
V Te
ργ
1 − λ
1 + λ
d ln a
dτ
, Q˙ex = Q˙bex + Q˙
γ
ex (20)
κ∗ = 4αM2 − 3M3, α = 1 +
C∗V Te
4ργ
,
where Q˙bex and Q˙
γ
ex describe the external sources of heating for
the baryons and photons (e.g., via photon injection) separately. We
also introduced d ln a4ργ/ dτ
∣∣∣
CS+em
to include both the contribu-
tions from Compton scattering and DC/BR emission (see Sect. 3).
Because 32 kNbTe  4ργ, we have α ≈ 1 and thus κ∗ ≈ κ,
which we will use in our computations below. The second term of
Q∗ex/ργ is due to the adiabatic cooling of the baryons and causes
a negative chemical potential distortion of order µρ ' −3 × 10−9
(Chluba 2005; Chluba & Sunyaev 2012), but will also be neglected
here. The corrections due to changes in the shape of the distortions
(∝ dξ/ dτ) usually also remain negligible until redshifts below the
quasi-stationary phase (Chluba 2014), as we also discuss below.
Equations (20) are still general and could be directly solved by
adding the photon Boltzmann equations for ξ(x, τ), describing the
evolution of the main macroscopic parameters of the distorted pho-
ton field under continuous energy release and with external pho-
ton injection.7 However, time-dependent corrections come into play
such that the photon emission process is modified. These can no
longer be solved independently, since the shape of the distortion
will depend directly on the energy release history. Below, we as-
sume that only one single energy injection occurred. In this case,
time-dependent effects can be included approximately, but we leave
a more general discussion to future work.
2.5 Computational procedure
We now have a formulation of the full evolution problem in the
quasi-stationary phase. Given some initial redshift to fix the matter
number densities and initial temperature of the plasma, we can ob-
tain a solution for µ(x) assuming quasi-stationary conditions. Since
we need to compute the Comptonization of the photon field, which
directly depends on the electron temperature, it is most convenient
to define the injection process by providing Te together with N .
This avoids having to update the Compton scattering kernel, which
greatly accelerates the computation. This then determines the ex-
pected value for µc assuming that DC and BR are negligible. By
next demanding that the energy density of the photons does not
change one can obtain a quasi-stationary solution for µ(x). The evo-
lution towards the quasi-stationary condition leads to a change in
the number of photons depending on the initial conditions. After the
quasi-stationary state is reached one can then compute the values
of N and ρ with respect to the initial blackbody that were required
to reach the final quasi-stationary state under consideration. Since
during the evolution towards the quasi-stationary state we fixed the
photon energy density, this means that N has to adjust slightly with
respect to the initial condition given at this step. However, this then
determines µ = µ(x, t, ∗N , ρ), where 
∗
N is close to N but with slight
modifications from DC and BR emission during the relaxation pro-
cess. This completes the first step of the calculation.
In the next step, we first compute the rate of change of the
photon number density caused given the solution for µ. Crucially,
µ(x) → 0 at x  1, which makes the net emission integral finite
but would not be the case for µ = const (see Sect. 3.2). Similarly,
we can compute the integrals Mk, which together with Eq. (20)
allows us to advance the solution for µρ. By calculating tables of
µ = µ(x, t, N , ρ) for various values of N and ρ we can then pre-
tabulate all the required emissivities and integrals to quickly ad-
vance the solution from the initial state to a final time when DC
and BR emission start freezing. This then completes the second
step of the calculation.
As a last step, by comparing the initial amount of energy in
the distortion to the final value we can then obtain the distortion
visibility function for different cases of single injection. Assuming
very small energy release implies that µ ≈ µρ(t, ∗N , ρ) ξ(x, t) with
ξ(x, t) not directly depending on the initial values for N and ρ.
This case was studied in detail in Chluba (2014) including vari-
ous corrections to the classical solutions of Sunyaev & Zeldovich
(1970b) and Danese & de Zotti (1982). In this work, we can now
add modifications to the thermalization efficiency in the regime of
large initial distortions. We will find that this implies the visibility
of distortions is significantly higher for large energy release.
7 Note that in this case, d ln a3Nγ/τ generally has two contributions, one
from DC and BR due to the distortion and the other from external sources.
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2.5.1 Computational procedure for single injection
For a single injection of energy and/or photons, the problem further
simplifies. We require that the final energy density of the photons
equals that of the CMB blackbody with temperature Tγ = T0(1+zh)
at zh. For a given cosmology this also fixes the number densities
of the baryonic component, which affects the BR emissivity, and
ensure that the subsequent expansion is described by the standard
Hubble parameter, H(z). Since for the computation it is beneficial
to use a fix electron temperature, by choosing Te with Eq (9b) and
T inγ (1 + ρ)
1/4 = Tγ(zh) this directly fixes µc. By requiring a fixed
photon energy density, we can then move towards the full quasi-
stationary solution µ(x) at redshift zh. Since the electron temper-
ature is given by the Compton equilibrium, all that matters is the
amplitude of the distortion, µρ(zh). Through Eq. (9a), we can then
also fix T inγ (1 + N)
1/3. Together with T inγ (1 + ρ)
1/4 (which is also
determined) this allows us to map any combination of N and ρ
onto this case, by essentially adjusting T inγ . This highlights that for
a single injection all that matters is the temperature difference
∆TNρ
Tγ
=
T inγ (1 + N)
1/3 − T inγ (1 + ρ)1/4
T inγ (1 + ρ)1/4
=
(1 + N)1/3
(1 + ρ)1/4
− 1, (21)
which determines how far ways from the final equilibrium tem-
perature Tγ the photon distribution still is. Several injection sce-
narios therefore lead to exactly the same initial distortion evolu-
tion. Balanced injection scenarios, where just the right amount of
photons and energy was added to the plasma start with ∆TNρTγ = 0,
whereas scenarios with N = 0 (i.e., pure energy injection) start
with ∆TNρTγ < 0 and thus have a deficit of photons in the spec-
trum. In the subsequent evolution this deficit is continuously re-
duced by DC and BR, which manifests in a reduction of µρ. For
N > (1 + ρ)3/4 − 1 ≈ (3/4)ρ the photon field contains more pho-
tons than the equilibrium blackbody and thus DC and BR cause a
net absorption. Overall, we thus only need to compute the quasi-
stationary solutions for µ(x) at various redshifts zh and for vari-
ous values of Te, which then allows us to determine the solution
µ(zh, µρ) across time. With these solutions, we can compute all the
required rates, e.g., DC and BR photon production rate, to allow us
advancing the solution using Eq. (20). The latter are stored in tables
for multiple evaluations.
2.6 Continuous injection and cosmology dependence
The above procedure breaks down when continuous energy release
scenarios are being considered. This statement is even true for small
distortion scenarios, once time-dependent corrections are included.
How can we see this? Neglecting any time-dependent corrections
to the shape of the distortion, one can in principle compute the re-
quired solutions for the DC and BR emission, and then follow the
above procedure. However, time-dependent corrections modify the
shape of the distortion and then in turn affect the DC and BR emis-
sion rates. For a single energy release, this can again be approxi-
mately included as we discuss below, but for continuous energy re-
lease, the solution no longer becomes independent of the injection
history. This statement applies to both small and large distortions,
such that simpler visibility approaches are expected to become in-
accurate (Chluba 2005; Khatri & Sunyaev 2012; Chluba 2014).
One principle way around this problem is to compute extended
tables for various models for the energy release histories. In a sim-
ilar way, changes of the cosmological parameters can in principle
be all covered by using a few mappings that relate redshift or time
to matter densities. However, the dimensionality of the problem
quickly becomes large, rendering such an approach moot. In ad-
dition, for large energy injection, we generally cannot ignore the
effect on the expansion rate and evolution of the scale factor. For
example, if a massive particle decays into radiation the redshifting
laws change and correspondingly the Hubble factor. Even if for sin-
gle injection this is not an issue (the expansion rate is assumed to
match that of the standard case, after the injection), for scenarios
with continuous energy release this can become relevant.
As these statements illustrate, whenever going beyond the
simplest case of single injection the problem becomes more com-
plex and it is best to solve the full set of evolution equations for
the matter temperature and distortion shape. Current thermalization
codes are already quite efficient in achieving reasonable runtimes
and we plan to investigate more general cases in some future work.
3 QUASI-STATIONARY SOLUTIONS
In the previous section we mainly focussed on the macroscopic as-
pects of the distortion evolution. This has to be supplemented by a
microphysical solution for the distortion shape. To obtain the quasi-
stationary solutions of the problem, we now first specify the various
collision terms in the photon evolution equation, Eq. (2). We then
explain how to obtain numerical solutions of the problem using a
Fredholm equation approach. Finally, we give simple analytic ap-
proximations that we will compare to below.
3.1 Compton scattering terms
We can describe the redistribution of photons via Compton scatter-
ing using the photon collision term (e.g., Sazonov & Sunyaev 2000;
Sarkar et al. 2019)
dn
dτ
∣∣∣∣∣
CS
=
∫
P(ω→ ω′, θe)
[
ex
′−x n′(1 + n) − n(1 + n′)
]
dω′. (22)
Here, θe = kTe/mec2, ω = hν/mec2, and n = n(x) and n′ = n(x′)
described the photon occupation number at the dimensionless fre-
quencies x = hν/kTe = ω/θe and x′ = hν′/kTe = ω′/θe. The Comp-
ton scattering kernel, P(ω → ω′, θe), can be efficiently and accu-
rately computed using CSpack (Sarkar et al. 2019). For some cases,
we will also use the expressions of Sazonov & Sunyaev (2000),
however, these are valid in a more limited range of photon energies
and electron temperatures. The shape of the scattering kernel at sev-
eral frequencies is shown in Fig. 1, illustrating this point. From the
figure we can also see that Klein-Nishina corrections start to be-
come important at high frequencies, with an overall suppression of
the kernel amplitude. These corrections modify the high-frequency
part of the distortion, as we show below.
We now insert a Bose-Einstein spectrum into Eq. (22), but
generalize to a frequency-dependent chemical potential µc → µ(x).
After a few rearrangements, this then yields
1
n
dn
dτ
∣∣∣∣∣
CS
=
∫
P(ω→ ω′, θe) (1 + n′)
[
eµ−µ
′ − 1
]
dω′
=
∫
P(ω→ ω′, θe) e
µ−µ′ − 1
1 − e−x′−µ′ dω
′, (23)
where µ = µ(x) and µ′ = µ(x′). Written in this form it is immedi-
ately evident that in equilibrium one has µ = µ′ = const. We can
also observe the presence of stimulated scattering effects, which
depend on the factor 1 + n′ = 1/[1 − e−x′−µ′ ]. For small chemical
potential one has 1 + n′ ≈ 1/x′, which causes photons to up-scatter
more slowly than without this term (Chluba & Sunyaev 2008). This
term is highly relevant to the main shape of the distortion as we
demonstrate below by omitting it in the computation.
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Figure 1. Compton kernel, P(ω0 → ω, θe) [multiplied by appropriate
weight factors], for θe = 0.01 (upper panel) and θe = 0.05 (lower panel)
and various central frequencies x0 = ω0/θe. The exact result obtained with
CSpack is compared with the kernel approximation given by Eq. (19) of
Sazonov & Sunyaev (2000), showing very good agreement up to x ' 10 for
θe = 0.01. The cases for x0 = 102 and 500 are for CSpack only, as the ap-
proximation fails. For θe = 0.05, departures of the approximation from the
exact result already become visible at x ' 1 and are catastrophic at x = 10.
3.2 Photon production terms
The production of photons by DC and BR can be described using
(e.g., Chluba & Sunyaev 2012; Chluba 2015)
dn
dτ
∣∣∣∣∣
em
=
Λ(x) e−x
x3
[
1 − n (ex − 1)
]
(24)
where the emission coefficient, Λ(x), includes both DC and BR. It
depends on the temperature and density of particles in the medium
but generally varies slowly with frequency. The dominant scaling
is this determined by the factor e−x/x3, which renders the emission
term most important at low frequencies. Inserting a Bose-Einstein
spectrum into Eq. (24), we find
1
n
dn
dτ
∣∣∣∣∣
em
=
Λ(x)
x3
[
eµ − 1
]
. (25)
Here it becomes clear that only for µ = 0 do emission and absorp-
tion terms vanish.
We can also directly compute the net photon emission rate that
is needed when evolving the chemical potential with Eq. (20). The
change in the number of photons is ∝ ∫ x2 dn/ dτ dx. We therefore
may write
d ln a3Nγ
dτ
∣∣∣∣∣∣
em
=
∫
Λ(x)
x n
[
eµ − 1
]
dx∫
x2n dx
. (26)
Due to the 1/x scaling of the numerator, it is apparent that for con-
stant µ this integral cannot be evaluated without truncating at the
low frequency side. However, this is hardly surprising, since con-
stant µ means we did indeed neglect DC and BR in the consid-
eration (i.e., Λ(x) = 0). Once included, µ vanishes rapidly as x
decreases, naturally regularizing the integral. For small distortions,
one has (Sunyaev & Zeldovich 1970b; Chluba 2014)
d ln a3Nγ
dτ
∣∣∣∣∣∣
em
≈ θe xcµρ
Gpl2
, (27)
where xc is the critical frequency, which is defined by the competi-
tion between DC+BR emission and the Compton process (see be-
low). As a rule of thumb, the thermalization efficiency thus drops
with xc, however, details of the active emission region around xc
make the assessment a little more complicated in detail. We also
mention that naturally d ln a3Nγ/ dτ = 0 for the Compton process.
3.2.1 Computing the BR emission term
To compute Λ(x) we use BRpack (Chluba et al. 2020) for the mod-
eling of the BR emission. BRpack integrates the differential cross
section of Elwert & Haug (1969), which is based on Sommerfeld-
Maue eigenfunctions for the electron in a Coulomb potential. This
allows us to accurately capture the differences in the Gaunt factors
for hydrogen and helium for non-relativistic to mildly relativistic
temperatures. We thereby overcome several limitations of the fit-
ting formulae of Draine (2011) and Itoh et al. (2000), which were
previously used in CosmoTherm. However, the differences are not
as important during most of the quasi-stationary evolution phase,
since DC emission dominates over BR at z & 4 × 105 (Hu & Silk
1993a), such that we do not go into more detail here.
3.2.2 Computing the DC term
While BRpack produces highly accurate results for the BR Gaunt
factors, the DC process can only be modeled more approximately.
Given that in the quasi-stationary evolution phase DC is the most
important emission process, we shall compare the results of several
approximations below. The classical Lightman-Thorne approxima-
tion reads8 (Lightman 1981; Thorne 1981)
ΛLT(x) =
4α
3pi
θ2e
∫
x4n(1 + n) dx, (28)
which is frequency independent and neglects corrections due to the
energy of the incoming photon or moving electron. In thermal-
ization computations for µ  1, the DC emission integral gives
I4 =
∫
x4n(1 + n) dx ≈ ∫ x4npl(1 + npl) dx = 4pi4/15 ≈ 25.976.
Most of the DC emission comes from photons with energy
x¯ =
∫
x5n(1 + n) dx∫
x4n(1 + n) dx
≈ 4.79, (29)
where the chemical potential becomes quasi-constant. For cases
µ  1, x¯ increases slightly approaching x¯ = 5.
8 In reality a factor ex should be added here but consistent with the limit
for which the approximation is valid we drop it.
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For non-zero µ, one simple augmentation of the Lightman-
Thorne approximation is the replacement Λ(x)→ Λ(x) e−µ¯ (Chluba
2005), where µ¯ = µ(x¯). This already captures the leading order
effects for increasing values of µ. A more accurate approximation
assuming constant µ = µ¯ is
I4 =
∫
x4n(1 + n) dx = 24 Li4(e−µ¯) = 24 e−µ¯
∞∑
k=0
e−kµ¯
(k + 1)4
≈ 24 e−µ¯
[
1 +
e−µ¯
16
+
e−2µ¯
81
+
e−3µ¯
256
+ . . .
]
, (30)
where Lin(z) denotes the polylogarithm. The sum converges very
quickly and usually including ' 10 terms is sufficient. For µ¯ = 0,
the series naturally reduces to Ipl4 ≈ 4pi4/15 ≈ 25.976.
As shown previously (Chluba 2005; Chluba et al. 2007), ad-
ditional relativistic corrections to the DC emissivity become im-
portant at early times. The main corrections have already been in-
cluded in CosmoTherm and individual effects were discussed in
Chluba (2014). Close to equilibrium, the most important effect is a
suppression of the DC emissivity with temperature (Chluba 2005;
Chluba et al. 2007). This is counteracted by frequency-dependent
corrections which account for effects beyond the soft-photon limit,
used for the Lightman-Thorne formula. Close to full equilibrium
(µ  1), this leads to (Chluba 2005; Chluba et al. 2007; Chluba &
Sunyaev 2012, henceforth referred to as CS12 approximation)
Λ
eq
rel(x) =
4α
3pi
θ2e Ipl4
ex Hdc(x)
1 + 14.16θe
, (31a)
Hdc(x) =
∫ ∞
2x
x′4n(x′)
[
1 + n(x′ − x)] [ xx′ HG ( xx′ )] dx′
Ipl4
≈ e−2x
[
1 +
3
2
x +
29
24
x2 +
11
16
x3 +
5
12
x4
]
(31b)
with the Gould factor (Gould 1984) HG(w) = [1−3y+3y2/2−y3]/y
for y = w(1 −w). The suppression of the DC emissivity at x  1 is
captured by the term ∝ [1 + 14.16θe]−1, while corrections beyond
the soft photon limit give rise to Hdc(x). Simply multiplying Λrel(x)
by gµ = I4/Ipl4 from Eq. (30) provides an extension to arbitrary
chemical potential, which works very well (see Fig. 2).
However, we can improve the above approximations by us-
ing the expressions from Chluba et al. (2007). For a fixed electron
momentum and incoming photon energy, the correction to the soft
photon DC emissivity relative to the Lightman-Thorne approxima-
tion is given by9 (Chluba et al. 2007; McKinney et al. 2017)
Gm(ω0, β0) =
γ20(1 + β
2
0)
1 +
∑4
k=1 fk(β0)γ
k
0 ω
k
0
(32a)
f1(β0) =
1
1 + β20
[
21
5
+
42
5
β20 +
21
25
β40
]
(32b)
f2(β0) =
1
(1 + β20)
2
[
84
25
+
217
25
β20 +
1967
125
β40
]
(32c)
f3(β0) = − 1(1 + β20)3
[
2041
875
+
1306
125
β20
]
(32d)
f4(β0) =
1
(1 + β20)
4
9663
4375
(32e)
with β0 = 30/c and Lorentz factor γ0 = 1/(1 − β20)1/2. This can
9 Notice a typo in f3 that was corrected in McKinney et al. (2017).
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Figure 2. DC Gaunt factor for θe = 10−4 (upper panel) and θe = 0.03
(lower panel) and various values of constant µ. The dashed lines are the
approximation Eq. (31) modified by the factor gµ = I4/Ipl4 from Eq. (30),
while the solid lines give the results from the integral approach, Eq. (33).
Overall, the approximation modified CS12 approximation works very well
at low frequencies, but shows departures from Eq. (33) at high frequencies.
be thermally-averaged over a relativistic Maxwell-Boltzmann dis-
tribution once the electron temperature is fixed, yielding Gth(x, θe).
Together with the Gould-factor this then gives
Λrel(x) =
4α
3pi
θ2e Ipl4 gdc(x), (33)
gdc(x) ≈
∫ ∞
2x
x′4n(x′)
[
1 + n(x′ − x)]Gth(x′, θe) [ xx′ HG ( xx′ )] dx′
e−xIpl4
,
where we introduced the DC Gaunt-factor, gdc(x). To compute the
DC Gaunt factor it is beneficial to pre-tabulate Gth(x, θe) once the
temperature is set. This eases the numerical integration of the pho-
ton distribution in every iteration.
In Fig. 2, we compare the approximation for the DC Gaunt
factor, Eq. (31), modified by the factor gµ = I4/Ipl4 from Eq. (30),
with the results from Eq. (33) for constant chemical potential. At
low frequencies the modified CS12 approximation works very well
while at high frequencies it is less accurate. The high frequency
part of the DC emission is not as important for the computations of
the distortions, such that Eq. (31), modified by the suppression fac-
tor gµ = I4/Ipl4 from Eq. (30) should suffice for our purposes. All
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the main figures will be computed with this approximation; how-
ever, we find in Sect. 4.5 that the differences are negligible. We also
compared the results for the DC Gaunt factor with those obtained
from the more rigorous treatment of DCpack (Ravenni & Chluba
2020) and found very good agreement.
3.3 Numerical quasi-stationary solution of the problem
Starting from Eq. (2), we can determine the quasi-stationary solu-
tion for the photon distribution with the system
0 ≈
∫
P(ω→ ω′, θe) e
µ−µ′ − 1
1 − e−x′−µ′ dω
′ +
Λ(x)
x3
[
eµ − 1
]
(34a)
0 =
∫
x3 dx
ex+µc − 1
1 − eµc−µ
1 − e−x−µ . (34b)
To discard the trivial solution µ = 0, the second equation ensures
that the overall solution has the energy density given by the ini-
tial condition, Eq. (9). This is equivalent to thinking of the solu-
tion as µ(x) = µρ ξ(x), where µρ is a normalization constant that
requires the extra equation, while Eq. (34a) mainly fixes the over-
all shape. Enforcing overall energy conservation generally implies
some small amount of photon production with respect to the initial
solution µ = µc during a short relaxation phase. This is captured
using Eq. (34) (e.g., Chluba 2015).
3.3.1 Analytic approximation for µ  1
For small µc and at low temperature, the problem Eq. (34) can be
approximately solved analytically. This classical result (Sunyaev
& Zeldovich 1970b; Danese & de Zotti 1982) can be obtained by
starting from the Kompaneets equation and then assuming x  1.
Alternatively, one can directly perform a Fokker-Planck expansion
of Eq. (34a) and then take the limit x  1. This leads to the differ-
ential equation (see Chluba 2014, for a step-by-step derivation)
0 ≈ x2∂2xµ + 2x ∂xµ −
x2c
x2
µ = ∂x x2∂x µ − x
2
c
x2
µ (35)
with xc ≈
√
Λ(xc)/θe. The first terms are due to Compton scatter-
ing and stimulated Compton scattering, while the last captures the
approximate effect of DC and BR emission. Evidently, this latter
term rapidly increases at low frequencies, implying that µ(x) → 0
at x  1. The solution to the above equation is
µ(x) = µce−xc/x, (36)
which captures the main dependence even at large x extremely well,
in spite of assuming x  1 in the main derivation.
The critical frequency xc is determined by the competition be-
tween DC/BR and Compton scattering. A simple approximation
can be obtained using (Chluba 2014)
xc ≈
√
x2c,BR + x
2
c,DC (37a)
xc,BR ≈ 1.23 × 10−3
[
1 + z
2 × 106
]−0.672
(37b)
xc,DC ≈ xnrc,DC
 1 + 14 xnrc,DC1 + 14.16 θeqγ (z)
0.5 (37c)
xnrc,DC ≈ 8.60 × 10−3
[
1 + z
2 × 106
]0.5
, (37d)
which also accounts for leading order relativistic corrections to the
DC process and more accurate fits to the BR emissivity. Here, we
set θe ≈ θeqγ (z) = 4.60 × 10−10(1 + z) assuming µ  1.
3.3.2 Analytic approximation without stimulated scattering
For large values of µ, we will see below that stimulated scattering
terms at low frequencies will become unimportant. To mimic this
effect, another simple approximation can be obtained again starting
from the Kompaneets equation, but omitting terms ∝ n2:
dn
dτ
∣∣∣∣∣
CS
≈ θe
x2
∂x x4
[
∂xn + n
]
. (38)
Inserting n = e−x−µ and only keeping first order terms in µ, together
with the emission terms we then obtain
0 ≈ x2∂2xµ + 4x ∂xµ −
x2c
x3
µ. (39)
Omitting stimulated scattering terms is equivalent to setting the fac-
tor 1 − e−x′−µ′ ' 1 in the denominator of kernel in Eq. (34a), which
enhances the relative importance of DC and BR emission terms by
a factor of npl ' 1/x. Equation (39) has the solution
µ(x) = µc
2
3
xc
x3/2
K1
(
2
3
xc
x3/2
)
, (40)
which again describes the overall behaviour of the solution even at
high frequencies quite well. As we will show below, in comparison
to Eq. (36), the transition from low to high frequency regime be-
comes more steep, highlighting the importance of stimulated scat-
tering for the shape of the distortion.
3.3.3 Analytic approximation for large µ
While the solution in Eq. (40) highlights the importance of stimu-
lated terms, it assumes µ  1. We can overcome this aspect and
obtain another solution valid for µ  1. Starting from Eq. (34a)
and performing a Fokker-Planck expansion of fµ = 1− e−µ, we find
0 ≈ x2∂2x fµ + 4x ∂x fµ −
x∗c
2
x3
fµ. (41)
We will return to the definition of x∗c below, but for now assume it is
simply constant. By comparing with Eq. (39) and imposing suitable
boundary conditions we then have
µ(x) = − ln
[
1 − (1 − e−µc ) 2
3
x∗c
x3/2
K1
(
2
3
x∗c
x3/2
)]
. (42)
For µc  1 this naturally reduces to Eq. (40), however, the shape of
the chemical potential differs significantly for large µc (see Fig. 5).
In the derivation above we introduced x∗c , which we determine
such that it captures the leading order frequency correction to the
DC emissivity. We encounter x∗c
2 = ΛDC(x¯, z, θe, µc)/θe, but need
to determine x¯ to allow the evaluation. The well-justified assump-
tion is that at low frequencies ΛDC scales very slowly with x and
thus the variation of the term ∝ x∗c2 fµ/x3 is mainly determined by
fµ/x3. The maximum of this term, given the solution Eq. (42), with
ξ = (2/3) x∗c/x
3/2 is determined by the equation ξK0 (ξ) = 2K1 (ξ),
which has the solution ξ = 2.387, or x¯ = 0.4273 x∗c . We then have
x∗c
2
=
ΛDC(x¯, z, θe, µc)
θe
≈ 4α
3pi
θe Ipl4 gµ
(1 + x¯/2)
1 + 14.16 θe
, (43)
where gµ = I4/Ipl4 ≈ 0.924 e−µc and θe ≈ 1.02 eµc/4 θeqγ . This means
x∗c ≈ 0.971 xnrc,DC(z) e−3µc/8
1 + 0.207[xnrc,DC(z)]2/3 e−3µc/81 + 14.44 θeqγ (z) eµc/4
0.5 (44)
with xnrc,DC(z) given by Eq. (37d). This expression implies that over-
all the critical frequency reduces when µc increases.
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3.3.4 Iterative method based on the Fredholm equation
One simple approach for solving Eq. (34) exactly is to map it into
an approximate homogeneous Fredholm equation of second kind.
Introducing fµ = 1 − e−µ, we may write
Λ(x)
x3
fµ =
∫
K(x, x′, fµ′ ) [ fµ′ − fµ] dω′. (45)
The kernel of this integral equation,
K(x, x′, fµ′ ) = P(ω→ ω′, θe) (1 + n′) = P(ω→ ω
′, θe)
1 − e−x′ [1 − fµ′ ] (46)
is weakly non-linear in fµ, which modulates the importance of stim-
ulated scattering effects. For large µ, one has 1 − e−x′ [1 − fµ′ ] ≈ 1,
while for µ  1, one has 1 − e−x′ [1 − fµ′ ] ≈ 1/x′. The latter causes
strong blackbody-induced stimulated Compton scattering, but these
are mostly independent of µ. We find that the f -dependence of the
kernel to leading order can usually be neglected. Overall, the above
expression suggests an iterative approach in the form10
f (i+1)µ =
∫
K(x, x′, f (i)
µ′ ) f
(i)
µ′ dω
′∫
K(x, x′, f (i)
µ′ ) dω
′ + Λ(x)/x3
, (47)
where one inserts an estimate for the solution f (i) on the right
hand side to obtain an improved solution f (i+1) until convergence
is reached11. In addition, after each step, using the constraint in
Eq. (34b), the overall normalization of the solution is adjusted to
ensure that energy is conserved. We find this approach to work quite
efficiently when using µ(0) = µc e−xc/x, which is based on the origi-
nal analytic approximations (Sunyaev & Zeldovich 1970b; Danese
& de Zotti 1982), as the starting point. For more extensive tables,
required to compute the distortion visibility function, we slowly
vary the temperature and redshift using the previous solution as
a starting point. We also attempted using an explicit quadrature
method to convert the integrals into a system of non-linear equa-
tions that can then be solved numerically. However, the iterative
approach based on Eq. (47) was more stable.
3.3.5 Adding time-dependent corrections
Time-dependent corrections can be added to the problem using a
suitable source term. This then leads to an inhomogenous Fredholm
equation of second kind, which again can be solved iteratively at a
given time. To obtain the source term, we rewrite the left hand side
of the photon Boltzmann equation, Eq. (2), as
∂ n
∂τ
∣∣∣∣∣
x
− x ∂ n
∂x
∣∣∣∣∣
τ
∂τ ln aTe = −n(1 + n)
[
∂τµ|x − x(1 + ∂xµ|τ)∂τ ln aTe
]
.
The idea is now to use the homogeneous Fredholm equation ap-
proach to compute the solution µ(0)(x, τ). This solution can then be
used to compute x ∂xµ and the required energy exchange integrals
10 Using appropriate weight factors, the integral of a function g(x) is rewrit-
ten as
∫
g(x′) dω′ =
∑
i g(xi) wi. In our computations we use fifth order La-
grange interpolation coefficients and their integrals to discretize the solution
(Chluba et al. 2010).
11 This is usually achieved in ' 103 − 104 steps. At high temperature, the
number of iterations is typically significantly smaller than at low temper-
atures, as expected from the variation of the timescales on which photons
diffuse across the spectrum.
or photon production rates to then determine ∂τµ and ∂τ ln aTe, per-
turbatively. More explicitly, we have
f (i+1)µ =
S (i−1)(x) +
∫
K(x, x′, f (i)
µ′ ) f
(i)
µ′ dω
′∫
K(x, x′, f (i)
µ′ ) dω
′ + Λ(x)/x3
, (48a)
S (i)(x) =
e−µ
(i)
1 − e−x−µ(i)
[
x
(
1 + ∂xµ(i)
)
∂τ ln aT (i)e − ∂τµ(i)
]
. (48b)
To fix ∂τµ(i) and ∂τ ln aT
(i)
e , we use Eq. (20) but neglect the terms
related to dξ/ dτ. This means ∂τµ(i) ≈ µ(0) ∂τ ln µ(i)ρ and that the
photon emission term d ln a3Nγ/ dτ together with the integralsMk
and κ fully determine the required correction.
For small distortions, the contributions due to ∝ dξ/ dτ have
been shown to be sub-dominant at high redshifts (Chluba 2014).
We furthermore find below that for large µ, the overall leading or-
der time-dependent corrections do not affect the general picture and
also reduce for large µ (Fig. 12). We thus expect the terms ∝ dξ/ dτ
to also only change the results at a secondary level. In addition, con-
sistently including these effect with the treatment outlined above al-
most amounts to solving the full problem thermalization problem,
a task that will be left to future work using more efficient methods.
As shown by Chluba (2014), the dominant contribution to
time-dependent effects stems from the derivative of the electron
temperature. This can be seen from the strong scaling of the source
terms S with frequencies, which renders the term ∝ ∂τ ln aTe im-
portant at x  1, where the energetics of the problem are fixed. Al-
though the electron temperature is always very close to the Comp-
ton equilibrium temperature in the momentary radiation field, as
thermalization proceeds, Te drops. This causes an asymptotic be-
havour µ ' C + ln(x)∂τ ln aTe at x  1 or n ' n0(τ) xγ e−x
with γ ' −∂τ ln aTe, which describes power-law corrections to the
Wien spectrum that arise from the slower diffusive motions of pho-
tons up/downward in energy (Chluba 2014). As we explain below
(Sect. 4.4), Klein-Nishina corrections to the high-frequency scat-
tering kernel modifying the above limiting behavior noticeably.
4 ILLUSTRATION OF THE SOLUTIONS FOR µ
In this section, we illustrate the solutions for the chemical poten-
tial for several case, highlighting the importance of various physi-
cal effects. In particular, we distinguish between the classical small
distortion and large distortion regimes showing how the character
of the solution changes quite significantly due to the diminishing
effect of stimulated scattering and non-linear terms.
4.1 Illustrations of the classical regime
For small energy release, the spectral shape of the chemical po-
tential distortion is independent of the overall distortion amplitude,
µ(t, x) ≈ µρ(t) ξ(t, x). The shape of the distortion is solely set by
the competition between photon number changing processes and
Compton scattering with the main asymptotics µ → 0 at x  1
and µ ' const at x  1. The transition depend on the temperature
and density of the particles in the plasma as well as the frequency-
dependence of the emission processes. All these effects become im-
portant (Chluba 2014) but can be easily captured numerically.
Figure 3 shows the quasi-stationary solution for µ after some
small energy release at various redshifts. We fixed the energy den-
sity of the CMB to the that of the standard blackbody at the cor-
responding redshift zh, i.e., ργ = ρCMB(zh) (and N = 0), and set
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Figure 3. Quasi-stationary chemical potential solution for small energy re-
lease at zh = {5 × 105, 1 × 106, 2 × 106, 4 × 106, 8 × 106, 1.6 × 107} (left
to right). The simple approximation, Eq. (36) with xc given by Eq. (37), is
compared to the exact kernel result. In each case, ∆Te/T
eq
γ = 2.5 × 10−9
and the photon energy density is set to ργ = ρCMB(zh) (and N = 0), which
implies slightly varying values for µρ ≈ 3.6 ∆Te/T eqγ ' 9 × 10−9. For the
considered redshifts, we have θe ' 10−4 − 10−2.
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Figure 4. Photon spectrum Ix = x3n(x) for various solution for the photon
occupation number n(x). The dashed lines all show blackbody spectra at
varying temperature. The red dashed is for a blackbody at θe = 0.01, while
the other two are for blackbodies at the CMB temperature corresponding to
the annotated redshifts (i.e., θCMB ≈ 4.60 × 10−4 and θCMB ≈ 2.30 × 10−3).
The dotted lines are the corresponding constant chemical potential solution,
with µc ' 12.3 (black) and µc ≈ 5.80 (blue), both in good agreement with
µc = 4 ln(0.9804 Te/T
eq
γ ) following from Eq. (11).
the electron temperature such that ∆Te/T
eq
γ = 2.5 × 10−9. We com-
pare the simple approximation, Eq. (36) with xc given by Eq. (37),
to the exact kernel result. The agreement is excellent over the
shown range of redshifts with small departures becoming visible
mainly at the lowest and highest redshifts. On the low redshift end,
frequency-dependent corrections from BR become relevant, while
at high redshifts Compton scattering relativistic corrections start
playing a role. Both effect are not precisely captured by the approx-
imation but can in principle be added analytically (Chluba 2014);
however, with little benefit over the numerical scheme used here.
4.2 Effect of large injection and role of stimulated terms
For large energy release two main effects become important. At a
given redshift, the energy density is already consistent with that of
the equilibrium CMB, however, the deficit of photons in the pho-
ton spectrum implies that the average energy of the photons has to
be significantly increased. This means i) a large chemical potential
at high frequencies and ii) a significantly increased electron tem-
perature, Te > TCMB(z). From i) it follows that in comparison to
cases closer to equilibrium [Te ' TCMB(z)], stimulated scattering
terms become less important at low frequencies, hence changing
the shape of the distortion notably. From ii) it follows that even at
rather moderate redshifts relativistic temperature corrections to the
involved processes can become important, as we illustrate below.
In Fig. 4, we give the exact quasi-stationary solution for the
spectrum at two redshifts assuming an electron temperature of
θe = 0.01 after the energy release. The photon energy density in
both cases is fixed to that of the CMB blackbody at the correspond-
ing redshift. At low frequencies, the spectrum returns to a black-
body at the temperature of the electrons due to the combined action
of DC and BR emission. At intermediate frequencies, a significant
deficiency of photons with respect to the final equilibrium black-
body at temperature TCMB(z) (dashed lines) is seen, while in both
cases an excess of photons is created in the distant Wien tail. It
is this excess that through Compton scattering allows the electron
temperature to lie significantly above TCMB(z).
For further illustration, the exact solution for the chemical po-
tential is also compared to the classical approximation in Fig. 5.
In both cases, relativistic temperature corrections and stimulated
effects as well as a reduction of the DC emissivity become notice-
able. Even by optimizing xc freely, the classical solution does not
reproduce the shape of the distortion well. In contrast the result
from approximation Eq. (42), which was obtained assuming large
µ (or fµ = 1 − e−µ ≈ 1), works a lot better. By comparing with the
numerical result we found that x∗c →
√
2x∗c gives the best match
at high frequencies, which is shown. At low frequencies one has
fµ < 1 such that a complete omission of stimulated terms is no
longer justified. This is where we see strongest departures from
the full numerical result (Fig. 5), indicating photons move less ef-
ficiently upwards due to the extra ’drag’ towards lower frequencies
induced by stimulated terms (Chluba & Sunyaev 2008). Neverthe-
less, overall the new approximation captures the main features of
the solution for large µ quite well.
To further illustrate the transition from small to large chem-
ical potential distortions we compare the exact solutions at fixed
redshift z = 106 for varying amount of energy release in Fig. 6.
For simplicity, we parametrize the energy release by varying the
electron temperature. For the considered cases, we obtain µρ ≈
{9.0 × 10−5, 9.0 × 10−3, 8.7 × 10−2, 6.5 × 10−1, 2.3}, covering the
transition from the classical to large distortion limit. As is evi-
dent, the shape of the distortion depends explicitly on µρ once
µρ & 10−3 − 10−2. The transition regime around the critical fre-
quency steepens, which in turn directly affects the DC emissivity,
reducing the active emission region, which is essentially defined by
' (eµ − 1)/x3 [see Eq. (25)], for larger values of µ.
The cause of this steepening is mostly due to stimulated elec-
tron scattering effects. This can be further illustrated for small dis-
tortions (µ  1), but when omitting the factor 1/(1− e−x′−µ′ ) in the
kernel. The comparison of this calculation with the full solution is
given in Fig. 7, exhibiting the aforementioned steeping. The ana-
lytic approximation Eq. (40) indeed captures this effect. We note,
however, that for large overall distortions, this simple approxima-
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Figure 5. Quasi-stationary chemical potential solution for large energy re-
lease at z = 106 and z = 5 × 106 (cases as in Fig. 4). The classical ap-
proximation (dash-dotted line), Eq. (36) with xc given by Eq. (37), is com-
pared to the exact kernel result (solid line). We also show the approximation
Eq. (42) with x∗c →
√
2x∗c (dashed lines). In all cases the electron tempera-
ture is θe = 0.01. Relativistic temperature corrections and the reduction of
stimulated effect and the DC emissivity are noticeable.
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Figure 6. Quasi-stationary chemical potential solution for energy release at
redshift z = 106 and various electron temperatures. For simplicity, we just
fixed Te = TCMB(z)(1 + γ)1/4, with the annotated values of γ. This leads to
µρ ≈ {9.0×10−5, 9.0×10−3, 8.7×10−2, 6.5×10−1, 2.3} in each of the cases,
respectively. The transition regime steepens with rising µρ.
tion does not correctly capture the shape of the distortion. In this
case Eq. (42) should be used.
4.3 Relativistic temperature corrections to Comptonization
In Fig. 8 we illustrate the effect of relativistic temperature correc-
tion to the scattering process. These are not captured by the Kom-
paneets equation, which is usually used for the computations (e.g.,
Burigana et al. 1991; Hu & Silk 1993a; Chluba & Sunyaev 2012).
To mimic the Kompaneets solution using the Fredholm equation
approach, we apply the Kompaneets kernel, Eq. (23) of Sazonov
& Sunyaev (2000). These kernel approximations fail at high fre-
quency, so here we restrict our computations to x . 20. The shown
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Figure 7. Quasi-stationary chemical potential solution for small energy re-
lease at z = 106 and ∆Te/T
eq
γ = 2.5 × 10−9, leading to µρ ≈ 9.0 × 10−9.
The effect of stimulated electron scattering is illustrated, showing a steep-
ening of the transition regime when omitted. This effect is captured by the
analytic approximations Eq. (36) and (40) with xc given by Eq. (37).
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Figure 8. Quasi-stationary chemical potential solution for large energy re-
lease at z = 5 × 106 and z = 107 yielding θe = 0.03 (' 15 keV). The dashed
lines are obtained using the Kompaneets kernel from Sazonov & Sunyaev
(2000), while the solid lines are for the exact kernel. Compton relativistic
corrections help photons move upwards more efficiently, thereby reducing
the chemical potential at higher frequencies than without these corrections.
examples in Fig. 8 are for large energy release, such that even at
redshifts z ' 106 − 107 relativistic corrections can become notice-
able but otherwise would be more subtle at these redshifts, when
the system is already close to full equilibrium. In our computation
using CSpack, these corrections are taken into account exactly.
Relativistic temperature corrections increase the efficiency of
photon up-scattering (e.g., Sazonov & Sunyaev 2000; Sarkar et al.
2019) such that Compton scattering more photons reach the high
frequency part, reducing the value of the chemical potential and
thereby increasing the effective critical frequency (Chluba 2005,
2014). We confirmed that this statement is mostly independent
of the whether the distortion is large or small or if we use the
Lightman-Thorne DC emissivity or CS12. The relative effect re-
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mains qualitatively the same, even if the level can vary slightly.
Although xc increases, which with Eq. (27) naively suggests an
increase of the thermalization efficiency, when computing the ac-
curate DC emissivity, Compton scattering relativistic corrections
cause a net decrease of the thermalization efficiency (Chluba 2005,
2014), as we also see below (Fig. 14).
4.4 Time-dependent corrections
In this section, we illustrate the effect of time-dependent correc-
tions. For small distortions, these lead to an increase in the ther-
malization efficiency with time-dependent corrections due to the
electron temperature being most relevant. With our computations,
we can furthermore show that in the Wien tail additional Klein-
Nishina corrections become relevant for the distortion shape, how-
ever, these do not affect the thermalization process as much, unless
very high electron temperatures are reached.
In Fig. 9, we compare the solutions for µ(x) at z = 5 × 106,
varying the electron temperature. As without time-dependent cor-
rections, the low- to high-frequency transition regime steepens with
rising electron temperature or µρ; however, we can now also ob-
serve a logarithmic downward tilt of the spectrum at high frequen-
cies. At intermediate frequencies (x ' 1 − 100), this tilt is con-
sistent with µ ' C + ln(x)∂τ ln aTe (Chluba 2014), which directly
implies that ∂τ ln aTe < 0 in all cases, as expected from Eq. (20).
Time-dependent effects on the spectrum at a given redshift are fur-
thermore largest for smaller values of µρ, as will also be reflected
in the distortion visibility function.
At x & 100, additional Klein-Nishina corrections to the scat-
tering kernel become visible, which are not captured by the Kom-
paneets equation but lead to an additional drop of the chemical po-
tential. How does this work? We obtained µ ' C+ln(x)∂τ ln aTe us-
ing the Kompaneets equation. As explained in Chluba (2014), this
is due to delays in the reshaping of the spectrum in the Wien-tail:
photons move up / downward in frequency on a short time-scale,
which causes a drop / rise in the value of µρ. But given sufficient
variation in the electron temperature, the spectrum has to steepen
(∂τ ln aTe > 0) or become more shallow (∂τ ln aTe < 0). This re-
quires a differential motion of the photons and causing a logarith-
mic drop in the chemical potential for ∂τ ln aTe < 0.
With the full Compton kernel, the time-scale for these changes
now becomes frequency-dependent (see Fig. 1) and the reshaping
takes longer at high frequencies than at lower frequencies. This ex-
plains the additional steepening in the downward trend of the chem-
ical potential, as more photons to stay behind. The effect is not
present when time-dependent corrections are omitted, which our
numerical computations confirm. In addition, when ∂τ ln aTe > 0,
we find that as expected the high-frequency spectrum shows an in-
crease of the chemical potential with an additional flaring as Klein-
Nishina corrections become relevant.
While physically very interesting, Klein-Nishina corrections
do not have a significant effect on the thermalization efficiency.
Time-dependent corrections furthermore become less important for
large chemical potential, as we will see below. However, the effect
of ∂τ ln aTe , 0 at intermediate and low frequencies does change
the thermalization efficiency of the plasma. This directly confirms
why an accurate treatment of the thermalization problem, even for
small distortions, cannot be carried out independently of the energy
release history. The shape of the distortion is no longer independent
of the thermal history even if for µρ  1 it does not directly depend
on the value of µρ.
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Figure 9. Quasi-stationary chemical potential solution for energy release at
z = 5 × 106 and various electron temperatures. The main time-dependent
corrections (neglecting terms ∝ dξ/ dτ) were included. For simplicity, we
just fixed Te = TCMB(z)(1+γ)1/4, with the annotated values of γ. This leads
to µρ ≈ {9.0 × 10−5, 9.0 × 10−3, 8.7 × 10−2, 6.5 × 10−1, 2.3} in each of the
cases, respectively. As without time-dependent corrections, the transition
regime steepens with rising µρ; however, in addition a downward tilt of the
spectrum at high frequencies becomes visible. At very high frequencies,
Klein-Nishina corrections also become important.
4.5 Precise emission rates for BR and DC
In all of the computation presented so far, we used BRpack to model
the BR emissivity and Eq. (31), modified by the factor gµ = I4/Ipl4
from Eq. (30), for the DC emissivity (referred to as CS12 DC ap-
proximation). The BR process is mainly important at lower red-
shifts (z . 4×105). Switching back to the approximations by Draine
(2011) and Itoh et al. (2000) we find no noticeable differences in the
solutions for µ at early phases. Similarly, switching to the more ac-
curate treatment in Eq. (33) for the DC process, we find extremely
small differences (at a relative level . 10−3 around the critical fre-
quency) in the results for µ(x). Given that the extra DC integrations
are indeed very time-consuming, we now use the simpler approxi-
mation for computations. However, one can expect logarithmic cor-
rections due to the shape of the high-frequency spectrum to enter
the thermalization efficiency. These depend directly on the injec-
tion history, so that a more detailed comparison for the effects on
the distortion visibility function will be carried out in our future
work on continuous energy release scenarios.
5 RESULTS FOR THE DISTORTION VISIBILITY
We now have all the pieces together to carry out computations for
the distortion visibility function. To compute the distortion evolu-
tion, we need to evolve the µρ using equation Eq. (20). Assuming
a single burst of energy release with no associated photon injec-
tion means we only need the DC and BR photon production rate
d ln Nγ/ dτ. Given the solutions µ(x, τ) at each stage, these can be
computed directly using Eq. (26). By starting from an initial distor-
tion amplitude following the energy release, one could in principle
solve the problem alternating between obtaining the stationary so-
lutions for µ(x, τ) and then advancing the solution to the next time.
However, this can be avoided by simply precomputing the photon
production rate, d ln Nγ/ dτ, for a range of values µρ at fixed red-
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Figure 10. Visibility function for single injection of energy at various red-
shifts and for various initial values of µρ. At early times, the visibility for
large distortions is orders of magnitudes higher than for small distortions.
shifts z. The obtained tables can then be interpolated in µρ and z
to advance the solution from redshift to the other. The benefit of
this procedure is that the quasi-stationary solutions only have to
be computed once for a given chemical composition of hydrogen
and helium to obtain reliable results for the visibility functions and
distortion limits. As mentioned above, for single energy release no
changes to the Hubble expansion factor are necessary.
5.1 Distortion visibility function
The distortion visibility function, Jbb(z), defines what fraction of
the energy injected at a redshift z is still present as a spectral
distortion today after the thermalization process. It has two main
contributions, the y-distortion and µ-distortion visibilities, Jy(z)
andJµ(z), respectively; however, their individual contributions can
only be distinguished by looking at the specific shape of the distor-
tion (e.g., Chluba & Jeong 2014; Chluba 2016). With this defini-
tion, the fraction of energy leading to a change of the average CMB
temperature is given by JT (z) = 1 − Jbb(z), making Jbb(z) one of
the central aspects of the thermalization calculation.
For small spectral distortions, a simple approximation of the
distortion visibility function is given as (Sunyaev & Zeldovich
1970b; Danese & de Zotti 1982; Hu & Silk 1993a)
JDC(z) = e−(z/zµ)5/2 . (49)
with zµ ≈ 1.98 × 106 for the standard cosmological model. For
estimates, this approximation is extremely useful although refine-
ments can be included analytically (Chluba 2005; Khatri & Sun-
yaev 2012; Chluba 2014). However, for large energy release, the
distortion visibility is significantly increased, as we show now.
To obtain the distortion visibility function from our compu-
tation, we fix the initial value of µρ at a given heating redshift zh.
From the solution µ(x, τ), we can then determine the required in-
jected energy, ∆ργ/ργ
∣∣∣
in
. We then evolve µρ using Eq. (20) until
redshift z = 2 × 105, which was shown to define the moment when
Comptonization becomes too inefficient for soft photons created
by BR and DC to reach the high frequency part of the CMB spec-
trum, thus freezing the high-frequency distortion that is present at
z = 2×105 (Chluba 2014). If energy release occurred at z > 3×105,
the solution should correspond to a µ-type distortion today. At the
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Figure 11. Comparison of various approximations for the distortion visi-
bility function for small distortions. The red dashed line gives the classical
result,JDC(z) = e−(z/zµ)5/2 , while the stars are obtained using CosmoTherm,
which shows very good agreement in spite of neglecting Compton scatter-
ing relativistic corrections.
final moment, we then compute the final ∆ργ/ργ
∣∣∣
f
, and then com-
pute the visibility function numerically as
Jnumbb (z) =
∆ργ/ργ
∣∣∣
f
∆ργ/ργ
∣∣∣
in
. (50)
A similar procedure was used previously (Chluba & Sunyaev 2012;
Chluba 2014). It is important to mention that simply computing the
ratio of the final and initial values for µρ gives a slightly different
result since at the earliest times the distortion shape modifies the
effective heat capacity of the CMB spectrum (Chluba 2014).
Following the above procedure, we obtain the results summa-
rized in Fig. 10. For small distortions µ . 10−4 − 10−3, the distor-
tion visibility converges to a unique solution, which is reasonably
well approximated by Eq. (49) (we will show a more detailed com-
parison below). At µ & 10−3 − 10−2, corrections start to become
important, significantly increasing the distortion visibility. This is
simply a reflection of the fact that the photon production rate is no
longer only linearly dependent on the value of µρ. The modifica-
tions become dramatic for large values of µρ, increasing the visi-
bility by several orders of magnitudes. This implies, that distortion
constraints reach to significantly higher redshifts than estimated in
the limit of small distortions, as also pointed out previously (Buri-
gana et al. 1991; Hu & Silk 1993a).
For large distortions, the visibility function shows a character-
istic redshift at which the slope changes significantly. For µρ = 5,
this occurs at z ' 6 × 106, for µρ = 1 at z ' 5 × 106. In addi-
tion, at low redshifts the thermalization efficiency again increases
(visibility reduces) once µρ exceeds ' 1 − 3. We associate this be-
haviour with the significant change in the shape of the distortion for
large chemical potentials (compare Fig. 8 and Fig. 6), which affects
the active photon emission region and thus the thermalization effi-
ciency. However, a more detailed investigation is beyond the scope
of this paper, also because this only concerns cases with extremely
large energy release, ∆ργ/ργ & 0.1.
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Figure 12. Importance of time-dependent corrections to the distortion vis-
ibility function. We show the absolute values of the relative difference be-
tween the results obtained with and without time-dependent terms switched
on. For large distortions, time-dependent corrections are generally less im-
portant than for small distortions, with the biggest effect seen early on.
5.2 Importance of various corrections
To confirm the precision of our computations, in Fig. 11 we di-
rectly compared with the results obtained for small distortions us-
ing CosmoTherm. The CosmoTherm computation includes all time-
dependent effects and relativistic temperature and the main DC
Gaunt factor corrections; however, it does not include CS tem-
perature and Klein-Nishina corrections. When comparing with the
present computation, we thus find a small (' 10%) mismatch at
z ' 6 × 106, which we will further discuss below.
In contrast, the simple approximationJDC(z) = e−(z/zµ)5/2 over-
estimates the visibility notably. Most of the difference is indeed
related to DC and BR temperature and frequency-dependent cor-
rections, as well as other approximations made in the derivation
of JDC(z). Time-dependent terms also contribute, but play a more
minor role. This was also discussed in Chluba (2014) and can be
further confirmed using our numerical scheme by simply switching
time-dependent corrections on and off. The results of this compar-
ison are shown in Fig. 12 for various values of the chemical poten-
tial. For small chemical potentials (µρ . 10−4), the time-dependent
correction reaches ' 19% at z ' 6× 106. Comparing this to the rel-
ative difference of the full result with respect toJDC(z) = e−(z/zµ)5/2 ,
which yields a factor of ' 2.1 difference at this redshift, shows that
this makes up about ' 20% of the full effect. The dominant cor-
rection is due to proper evaluation of the redshift integrals, without
adding new effects to the classical treatment (Chluba 2014).
Our computations also show that the biggest difference due
to time-dependent corrections gradually moves towards higher red-
shifts for increasing µρ (see Fig. 12). Given that the distortion vis-
ibility function becomes more and more shallow as we increase
µρ, this is not surprising and merely highlights that large distor-
tions thermalize more slowly. Here, we limited the redshift range to
z ≤ 8 × 106, since the constraints from COBE/FIRAS and even fu-
ture experiments similar to PIXIE become extremely weak beyond
this point (Sect. 6). However, it is worth mentioning that our nu-
merical results show that time-dependent corrections become more
important again at z & 107. In addition, at this stage we have not
included the corrections due to ∝ dξ/ dτ, which may have another
noticeable effect, as will be considered in a future publication.
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Figure 13. Importance of DC relativistic corrections. We show the absolute
values of the relative difference between the results obtained evaluating the
CS12 DC emissivity in comparison to the Lightman-Thorne approximation
(with suppression factor gµ ∝ e−µc ). DC relativistic corrections lead to a net
acceleration of the thermalization process. For small distortions, the effect
is in good agreement with the estimate of Chluba (2014), Eq. (51), while
for large distortions the effects can become dramatic at early times.
In Fig. 13 we highlight the importance of DC relativistic
corrections. With the Lightman-Thorne approximation [which in-
cludes the µ-dependent suppression factor Eq. (30)], the thermal-
ization efficiency is underestimated. DC temperature corrections
cause a decrease of the thermalization efficiency, while frequency
dependent corrections compensate for this effect, leaving a net in-
crease or lower distortion visibility. For small distortions this was
studied earlier (Chluba 2005, 2014), giving the correction factor
FDC ≈ exp
[(
3.7 × 10−3 + 1.43xnrc,DC − 5.06 θγ
)
(z/zµ)5/2
]
, (51)
to account for the associated visibility change. Here, θγ = 4.60 ×
10−10(1 + z) is CMB blackbody temperature in units of mec2. At
z = 6×106 this expression implies ∆J/J ' −16% and numerically
we find ∆J/J ' −14% here. However, for large distortions, the
difference can become dramatic early on, significantly exceeding
those for small distortions (see Fig. 13).
We close our discussion by highlighting the differences due
to our exact treatment of Compton scattering (CS). Previously, CS
temperature corrections were only estimated analytically (Chluba
2005, 2014), yielding the correction factor
FCS ≈ exp
[
1.23 θγ (z/zµ)5/2
]
. (52)
No numerical confirmation of this estimate was yet given. By com-
paring our numerical results with those obtained using the Kom-
paneets Kernel of Sazonov & Sunyaev (2000), here we can isolate
the effect numerically. The outcome of this comparison is shown
in Fig. 14. For both the exact and the approximate computations,
we only included frequencies x ≤ 20, since the Kompaneets kernel
becomes inaccurate above that. The overall effect of temperature
corrections is to reduce the thermalization efficiency. The differ-
ence naturally increases with redshift but also significantly depends
on the amplitude of the chemical potential. The result is slightly
surprising, given the relativistic correction to CS increase the criti-
cal frequency (cf. Fig. 8) such that also the photon production rate
naively is expected to increase slightly, thereby suggesting the an
opposite behavior. However, when carefully evaluating the emis-
sion integral, its value reduces (Chluba 2005). One can anticipate
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Figure 14. Importance of CS relativistic corrections. We show the absolute
values of the relative difference between the results with the non-relativistic
case providing the reference. For small distortions, the correction is well
approximated by Eq. (52) after multiplying by a factor of two.
this effect by realizing the emission rate (set by DC) is not changed,
but the position at which most emission happens increases. This
naturally gives a drop in the total rate, explaining the finding.
When comparing with Eq. (52), we find that this approxima-
tion underestimates the effect roughly by a factor of ' 2. Thus,
by using F ∗CS ≈ exp
[
2.46 θγ (z/zµ)5/2
]
instead we find very good
agreement with the numerical result given here (see Fig. 14). What
is the origin of this difference? Repeating all the steps in Chluba
(2014) leading to Eq. (52) we find no obvious algebraic mistake.
However, it turns out that not only is there a correction to the shape
of the µ-distortion spectrum but one also has to re-evaluate the DC
emissivity. The origin of the latter lies in a simple temperature cor-
rection to the leading order CS terms, which yields
0 ≈ (x2∂2xµ + 2x ∂xµ)
[
1 +
5
2
θe
]
− x
2
c
x2
µ. (53)
Indeed this term was mentioned in Chluba (2014), but then incor-
rectly omitted in the final evaluation. It essentially leads to the re-
placement of the critical frequency by xc → xc/(1+ 52 θe)1/2. In addi-
tion, the frequency-dependent CS correction function also picks up
another temperature-dependent term ' − 1116 θe, which was absorbed
into the normalization coefficient (see Eq. (74) of Chluba 2014).
This yields the relevant contribution
∆µ ≈ −θe
[
11
16
+
ζ
2
(
11
4
+
21
20
ζ − 7
30
)]
e−ζ . (54)
with ζ = xc/x. Including all these term in the evaluation of the
required emission integrals given in Chluba (2014), we then find
F ∗CS ≈ exp
[
2.55 θγ (z/zµ)5/2
]
, (55)
which now is very close to what was used in Fig. 14. In summary,
CS modifies the relative emission rate of DC, reducing its effi-
ciency, an effect that was incorrectly omitted. Therefore, CS rela-
tivistic corrections lead to ∆J/J ' 10% increase in the distortion
visibility at z ' 6 × 106. All DC and CS relativistic corrections
together therefore almost cancel each other, leaving only a net cor-
rection of ∆J/J ' −3% at z ' 6 × 106.
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Figure 15. CMB spectral distortion constraints on single energy release
obtained with COBE/FIRAS [∆ργ/ργ < 6×10−5 (95% c.l.)] and for a future
experiment similar to PIXIE [∆ργ/ργ < 10−8 (95% c.l.)]. For comparison,
we show the standard estimate assuming small distortion evolution. We also
give the limits derived from current CMB measurements of Neff assuming a
fraction fν of the total injected energy goes into neutrinos (see Sect. 6.1 for
details). This limit can become extremely weak around fν ' 0.4.
6 CONSTRAINTS ON LARGE ENERGY RELEASE
We are now in the position to convert the visibility function into
constraints on the energy release at various redshifts. Given an ob-
servational limit ∆ργ/ργ
∣∣∣
lim
, for small distortions (i.e., small energy
release) one can simply write
∆ργ/ργ .
∆ργ/ργ
∣∣∣
lim
Jbb(zh) .
For large distortions this is no longer possible because the visibility
function directly depends on the amplitude of the distortion. One
thus has to explicitly find the root to the inequality
Jbb
(
zh,∆ργ/ργ
)
∆ργ/ργ . ∆ργ/ργ
∣∣∣
lim
,
which can be done numerically. The results of this exercise are pre-
sented in Fig. 15 for ∆ργ/ργ
∣∣∣
lim
= 6 × 10−5 and ∆ργ/ργ
∣∣∣
lim
= 10−8
(both at 95% c.l.). The first limit corresponds roughly to the one
obtained with COBE/FIRAS (Fixsen et al. 1996, 2011), while the
second can be imagined for a future CMB spectrometer similar to
PIXIE (Kogut et al. 2011; Andre´ et al. 2014; Kogut et al. 2016;
Chluba et al. 2019a). We can see that simply using the small dis-
tortion bound (dashed red lines) yields a significantly weaker limit
at early times, where large energy release can in principle still be
digested by the cosmic plasma. This corresponds to epochs about
t ' 106 − 107 s after the big bang, allowing us to reach about one
order of magnitude in time deeper into the cosmic fluid.
6.1 Change of Neff after single injection
By assuming that energy is injected after BBN, we can also de-
rive a constraint from measurements of Neff (Simha & Steigman
2008). The theoretical value for Neff from standard model neutri-
nos is Neff ' 3.046 (Gnedin & Gnedin 1998; Mangano et al. 2005;
de Salas & Pastor 2016). Measurements of the CMB anisotropies
limit this value to Neff = 2.99 ± 0.17 (Aghanim et al. 2018). In the
future, the error could improve by about one order of magnitude
(The SO Collaboration et al. 2018; Baumann et al. 2018).
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Assuming standard BBN physics, right after electron-positron
annihilation is over we have (Dodelson 2003; Steigman 2007;
Pospelov & Pradler 2010)
ρν = Rν ργ = Neff
(
7
8
) (
4
11
)4/3
ργ ≈ 0.6917
[ Neff
3.046
]
ργ. (56)
Defining ρ = ρν + ργ = ργ [1 + Rν] and assuming that  = ∆ρ/ρ of
energy is injected with a fraction fν going into neutrinos, then after
the energy release we have
ρ∗ν = ρν + fν∆ρ = ργ
[
Rν + fν (1 + Rν)
]
(57a)
ρ∗γ = ργ + (1 − fν)∆ρ = ργ
[
1 + (1 − fν) (1 + Rν)]. (57b)
We do not specify how the particles are distributed in energy but
only need to consider the overall energetics. In this case, ρ∗γ = ρCMB
after the release is over. In terms of post-release Neff this means
N∗eff =
(
8
7
) (
11
4
)4/3 Rν + fν (1 + Rν)
1 + (1 − fν) (1 + Rν)
= Neff
1 + fν (1 + Rν)/Rν
1 + (1 − fν) (1 + Rν) (58)
Converting this to δ ln Neff ≈ (N∗eff − Neff)/Neff and then solving for
, we find
∆ρ
ρ
=
Rν
1 + Rν
δ ln Neff
fν − (1 − fν)(1 + δ ln Neff)Rν . (59)
Assuming that δ ln Neff  1, we can also write∣∣∣∣∣∆ρρ
∣∣∣∣∣ . ∣∣∣∣∣ 0.2417fν − 0.4089 δ ln Neff
∣∣∣∣∣ . (60)
For fν = 1 (i.e., everything goes into neutrinos), with Rν ' 0.6917
we obtain the strongest possible limit on the total energy release
|∆ρ/ρ| . 0.4089 |δ ln Neff |, implying |∆ρ/ρ| . 0.046 (95% c.l.)
from current CMB anisotropy data. In this case, there is no di-
rect distortion constraint expected. If on the other hand we assume
fν = 0, due to the changes of the photon energy density we find
|∆ρ/ρ| . 0.5910 |δ ln Neff/(1 + δ ln Neff)| . 0.066 (95% c.l.), un-
derstanding that in this case δ ln Neff < 0. In terms of ∆ργ/ργ,
this means |∆ργ/ργ | . 0.077 (95% c.l.). This case seems to be
consistent with the discussion of Simha & Steigman (2008). For
fν ≈ Rν/(1 + Rν) ≈ 0.4089 one finds N∗eff ≈ Neff , leaving the energy
release unconstrained by measurements of Neff . Indeed this is close
to the typical value found in ultra-high energy particle cascade
computations, where neutrinos initially can carry ' 40% − 50%
of the total energy (e.g., see Fig. 4 of Cirelli et al. 2011). Assum-
ing fν = 0.5 as a fiducial value, this means |∆ρ/ρ| . 2.7 δ ln Neff ,
which with current observations of the CMB anisotropies implies
|∆ρ/ρ| . 0.3 or |∆ργ/ργ | . 0.25 (95% c.l.).
The limits on ∆ργ/ργ for neutrino heating efficiencies fν = 0
and 0.5 are shown in Fig. 15. These already put significant pres-
sure on large energy release scenarios, however, with the under-
standing that uncertainties in the value of fν affect the constraint
significantly. In particular for fν ≈ 0.3 − 0.5, the constraint can be
entirely avoided. The evolution of ultra-high energy neutrinos in the
cosmic plasma, will furthermore lead to strongly delayed energy re-
lease that can allow us to place tight constraints on neutrino heating
processes at very early times, highlighting the important interplay
between particle physics and CMB distortions. In the future, im-
proved measurements of Neff will thus provide a powerful way for
ruling out thermal histories with large energy release after BBN,
complementing the tight constraints obtained at later times from
measurements of CMB spectral distortions. For COBE/FIRAS, the
distortion constraints supersede those from current limits on Neff at
z . 4 × 106 − 5 × 106, or some & 106 s after the big bang.
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Figure 16. Fraction of black hole mass yet to be evaporated as a function of
redshift. Close to the end of the evolution a runaway process starts, leading
single burst of energy release around (1 + zBH) ' M−3/2BH .
6.2 Distortion constraints on PBHs
PBHs are formed from density spikes in the radiation-dominated
era when the radiation pressure is unable to resist the gravita-
tional collapse (Zeldovich & Novikov 1967; Hawking 1971; Carr
& Hawking 1974; Novikov et al. 1979) with the mass of the black
hole being of the order of the horizon mass (Carr & Hawking 1974;
Carr et al. 2010). Due to formation at different epochs, the mass of
PBHs can vary from Planck mass relics to ' 1010 times heavier than
the mass of the Sun (Carr et al. 2016). Black holes radiate particles
at a temperature12 (Hawking 1974; Carr et al. 2010),
TBH =
1
8piGMBH
≈ 0.11
[
MBH
1011 g
]−1
TeV. (61)
The lifetime of evaporating black holes is approximately given by
(MacGibbon 1991; Carr et al. 2010),
tBH ' 4.1 × 105
[
f (MBH)
15.35
]−1 [ MBH
1011 g
]3
s, (62)
where f (MBH) carries the information about the emitted particles,
which depends on the accessible particle energies, the spin de-
grees of freedom and other particle properties (e.g., see MacGib-
bon 1991; Acharya & Khatri 2020, for details). Since f (MBH) is a
slowly varying function, we quote all values for f (MBH) ≈ 15.35
relevant to the mass range of interest here. With this, the PBH mass
loss rate can be written as (MacGibbon 1991),
dMBH
dt
' −8.2 × 104
[
f (MBH)
15.35
] [
MBH
1011 g
]−2
g s−1. (63)
In Fig. 16, we show the fraction of mass of black hole that is yet
to be evaporated for different black hole mass. Most of the black
hole mass evaporates in a short redshift interval at the end of the
evolution. We can therefore approximate black hole evaporation as
a quasi-instantaneous energy release at a redshift
(1 + zBH) ' 7.6 × 106
[
f (MBH)
15.35
]1/2 [ MBH
1011 g
]−3/2
, (64)
12 Here we use c = ~ = kB=1
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Figure 17. Constraints on abundance of evaporating primordial black holes
as a function of their mass. We compare the CMB spectral distortions con-
straint from COBE/FIRAS and a PIXIE-like experiment. In addition we give
the constraints derived from measurements of the effective number of neu-
trinos species for energy injection fraction fν = 0.5.
showing that higher mass black holes evaporate later. In this case,
the limits obtained from Fig. 15 directly apply. The total PBH en-
ergy injection at zBH can be written as,
∆ργ
ργ
∣∣∣∣∣∣
BH
=
fγ fBH Ωcdmρc,0
ργ,0(1 + zBH)
≈ 4.9×10−3 fγ fBH
[
1 + zBH
106
]−1 [
Ωcdmh2
0.12
]
,
where we parametrized the energy density of PBHs relative to the
dark matter density, ρPBH = fBH Ωcdm ρc,0(1 + zBH)3 and defined the
fraction of energy going into the photon field, fγ = 1 − fν. This
then yields the constraints shown in Fig. 17, where we compare
the 2σ limits on abundance of evaporating black holes from CMB
spectral distortions and from Neff (for fν = 1/2). For CMB spectral
distortions, we show the difference between small energy release
and large energy release case. As already claimed, the two results
start to differ at redshifts zBH & 3 × 106. On the high mass end, one
can also observe the slight tilt with mass caused by the mass scaling
of the total energy release, ∆ργ/ργ
∣∣∣
BH
∝ (1 + zBH)−1 ∝ M3/2BH .
While we only considered non-rotating PBHs in this work, ex-
tending the calculations to rotating black holes should be straight-
forward. In that case, the lifetime of black holes and the particle
emission spectra will be functions of both mass and black hole an-
gular momentum. Another related scenario for CMB spectral dis-
tortion is due to black hole superradiance (Zeldovich 1971; Press
& Teukolsky 1972). Photons in the ionized Universe have an ef-
fective mass (which is a function of redshift) due to efficient scat-
tering with the background electrons. These photons can extract
rotational energy from Kerr black holes. The efficiency of energy
extraction is a function of effective mass of photon or redshift. The
energy extracted will show up as a spectral distortion signal. Previ-
ous estimates (Pani & Loeb 2013) assumed the spectral distortion
to be of thermal nature. However, the photon spectrum can be non-
thermal and thus differ from thermal distortions for zBH . few×104
(e.g., Acharya & Khatri 2019). Finally, spectral distortions may al-
low shedding light on the precise mechanisms of BH evaporation,
which within loop-quantum gravity occurs after a lifetime t ∝ M2BH
instead of t ∝ M3BH (Martin-Dussaud & Rovelli 2019).
6x105 106 3x106 6x106 107 2x107
zX
10-9
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
J b
b
Single injection
CosmoTherm (small distortions)
Visibility approach (small distortions)
Figure 18. Fraction of energy that would still be visible as CMB spec-
tral distortions today and was injected by a long-lived decaying particle
with lifetime tX = 2.4 × 107[(1 + zX)/106] s. The full numerical result from
CosmoTherm agrees well with the estimate based on the distortion visibility
approach, departing at the few percent level.
6.3 Distortion constraints on decaying particles
Ever since the early works on distortion and the spectroscopic mea-
surements by COBE/FIRAS, spectral distortions have been used to
constrain the decay of long-lived particles in the early Universe,
being most sensitive to lifetimes tX ' 107 s − 1012 s (Sarkar &
Cooper 1984; Ellis et al. 1985, 1992; Hu & Silk 1993b; Dimas-
trogiovanni et al. 2016). The constraints are usually based on sim-
ple estimates integrating the total amount of energy released in the
process weighted by the distortion visibility function
∆ργ
ργ
∣∣∣∣∣∣
tot
=
∫ Jbb(z)
ργ
dQ
dz
dz. (65)
Here dQ/ dz describes the energy release and Jbb(z) is commonly
approximated using the classical approximation, Eq. (49). In ad-
dition, the integral is often approximated as single injection at an
effective redshift where most of the injection happens.
For decaying particles, Chluba & Sunyaev (2012) obtained the
distortions by explicitly solving the time-dependent problem using
CosmoTherm. This showed that the constraints for early lifetimes
tighten significantly when carefully carrying out the energy release
integral (see Fig. 16 of Chluba & Sunyaev 2012); however, the im-
portance of time-dependent corrections to the distortion visibility
was not separately highlighted, but according to our discussion may
become inaccurate even for small distortion.
In Fig. 18, we show the constraint on the energy release by de-
caying particles as a function of lifetime. The estimate obtained by
inserting the exact small-distortion visibility function into Eq. (65)
is compared to the explicit CosmoTherm computation, as was also
done previously (Chluba 2013; Chluba & Jeong 2014). We can see
that the two results are very close to each other, with departures
at the percent level, and that the omitted time-dependent effects
largely average out. Since in the small distortion limit the constraint
weakens significantly for lifetimes tX . 107 s, we expect the con-
straint to significantly tighten in this regime when considering the
evolution of large distortions. In the case, several aspects have to
be treated more carefully (see Sect. 2.6), such that we leave a more
detailed computation to the future.
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Figure 19. Limits on decaying particle yields for various lifetimes from
COBE/FIRAS and expected from a PIXIE-like spectrometer. As an example,
we also compare with the limits derived from measurements of the He3/D
abundance ratio for the bb¯ channel (Kawasaki et al. 2018).
For completeness, we also converted Fig. 18 into a distortion
limit on the commonly-used particle yield variable, YX = NX/s
(e.g., Kawasaki et al. 2005, 2018). This allows us to compare the
distortion constraint with existing limits from measurements of
light element abundances. To obtain the figure, we need to com-
pute the total energy release into to the CMB, which relates to
dQ
dz
=
MXc2
H(1 + z)
N0,X(1 + z)3
tX
e−t/tX
≈ MXc2YX s (1 + zX)
2
(1 + z)3
e−
[
1+zX
1+z
]2
= 1.1 × 1013
[
MXc2YX
1 GeV
]
(1 + zX)2
(1 + z)4
e−
[
1+zX
1+z
]2
ργ (66)
where s = (4/3)[g∗s/2] ργ/kTCMB is the entropy density post-BBN
with g∗s = 43/11 ≈ 3.909. The total energy release thus is
∆ργ
ργ
∣∣∣∣∣∣
dec
≈ 4.9 × 10
12
1 + zX
[
MXc2YX
1 GeV
]
,
assuming that all the energy goes into the CMB. Multiplying this
by the Jbb’s given in Fig. 18 and comparing to the distortion lim-
its, we obtain the curves given in Fig. 19. The distortion constraints
are consistent with those presented in Chluba & Jeong (2014) and
demonstrate that using the simple single injection approximation
underestimates the constraints significantly at lifetimes tX . 107 s.
However, even the limits presented here in the small distortion
regime from CosmoTherm are expected to tighten significantly at
lifetimes tX . 106 s, warranting a more detailed future analysis.
We also compare with the limits obtained with measurements of
the He3/D abundance ratio from Kawasaki et al. (2018) (see also
Kawasaki et al. 2005). While light element abundance limits su-
persede those obtained from COBE/FIRAS, a PIXIE-like spectrom-
eter could significantly improve the constraints on long-lived de-
caying particles over a wide range of lifetimes. However, signifi-
cant uncertainties in the fractions of energies going into photons,
neutrinos and destruction of light elements exist, so that a more
careful reanalysis should be undertaken. Nevertheless, this again
highlights the great potential of combining CMB distortion mea-
surements with other probes of the thermal history.
6.4 Distortion constraints on small-scale acoustic modes
The dissipation of small-scale acoustic modes is also known to
cause distortions of the CMB (Sunyaev & Zeldovich 1970a; Daly
1991; Hu et al. 1994; Hu & Sugiyama 1994). It now has become
possible to accurately treat the dissipation process using direct
computations of the photon transfer functions (Chluba et al. 2012b;
Pajer & Zaldarriaga 2013; Chluba & Grin 2013). Assuming linear
perturbations, the energy carried by a single mode at wavenumber
k is dissipated in a bursty manner over a range of redshifts peaking
around (Chluba et al. 2012a)
(1 + zdiss) ≈ 4.5 × 105
[
k
103 Mpc−1
]2/3
. (67)
In the small distortion approximation, distortion limits weaken sig-
nificantly around k ' 104 Mpc−1 (e.g., Chluba et al. 2012a; Chluba
& Jeong 2014). Even without including the effects of non-linear
evolution of the acoustic modes13, our results imply that single
modes with 104 Mpc−1 . k . 106 Mpc−1 will see tightened con-
straint when including the effect of large distortions on the ther-
malization process. However, time-dependent corrections have to
be treated carefully in this regime, and we leave detailed computa-
tions to another paper.
Improved calculations will complement and allow us to refine
constraints obtained from changes to Neff caused by acoustic heat-
ing, which limit the integrated power of curvature perturbations at
104 Mpc−1 . k . 105 Mpc−1 to ∆2R . 0.007 (Jeong et al. 2014).
A refined study is thus justified, with expected implications for the
formation of supermassive PBHs (Kohri et al. 2014) or features in
the small-scale power spectrum (Chluba et al. 2015; Byrnes et al.
2019), further shrinking the allowed parameter space.
7 CONCLUSION
In this paper, we considered the thermalization of distortions in
the µ-distortion era, deep into the pre-recombination Universe at
redshift z & 105. We consistently included all relativistic correc-
tions to the main thermalization processes, using state of the art
descriptions for Compton, double Compton and Bremsstrahlung
event with CSpack, DCpack and BRpack. Most importantly, we
systematically studied the evolution of large distortions in the ear-
liest phases, which in principle are still possible at z & 106, given
current constraints from COBE/FIRAS.
We first provided a rigorous discussion of the main evolu-
tion equations for macroscopic quantities like the electron temper-
ature and chemical potential amplitude, without assuming µ  1
(Sect. 2). This led to a clear picture of how to evolve distortion dur-
ing the quasi-stationary evolution phase across time, showing that
due to time-dependent corrections limits on continuous energy re-
lease scenarios generally cannot be obtained independently of the
energy release history, even in small distortion limit (Sect. 2.6). In
simple words: the time-dependence of the energy release history
directly affects the microscopic reactions of the plasma (e.g., effec-
tive heat capacity) and thus its thermalization efficiency, very much
like the density of the free electrons and ions do. In general this
invalidates simple distortion visibility approaches taken in previ-
ous works to include various effect (e.g., Chluba 2005; Khatri &
13 This will change the relation between maximal heating and the
wavenumber of the mode.
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Sunyaev 2012; Chluba 2014) when computing spectral distortion
constraints on different energy release scenarios.
To obtain the momentary spectrum under quasi-stationary
conditions we developed a Fredholm equation approach. This al-
lows one to obtain accurate solutions for the frequency-dependent
chemical potential in a numerically stable and efficient manner.
For the first time, we were able to consistently include the effect
of Compton scattering relativistic corrections and Klein-Nishina
terms, showing their effect on the solution at high frequencies
(Sect. 4.3 and Sect. 4.4). Klein-Nishina corrections become in par-
ticularly important when time-dependent terms are included (see
Fig. 9), highlighting that differential motion of photons across fre-
quencies always happens on a finite time-scale.
With our computations, we show that for large distortions, the
transition between the low and high frequency limits steepens with
increasing value of the high frequency chemical potential (Fig. 6).
This greatly modifies the active region for photon emission and thus
the thermalization efficiency. We also derived two new analytic ap-
proximations for the frequency-dependent chemical potential ap-
plicable to cases with large distortions [Eq. (40) and (42)]. These
solutions highlight the importance of stimulated Compton scatter-
ing terms for the shape of the distortion and the transition between
small and large energy release.
Prepared with these tools, we then studied the distortion visi-
bility function as a function of the overall chemical potential ampli-
tude. This revealed that the thermalization efficiency is significantly
reduced for large energy injection (Fig. 10). Consequently, limits
on energy release are significantly tightened at early times (Fig. 15),
implying that future distortion missions have a better grasp at con-
straining various early-universe processes.
We in detail explained the contributions from several physical
processes to changes in the distortion visibility function (Sect. 5.2).
In particular, we identified that for small distortions, CS relativis-
tic corrections were underestimated by roughly a factor of ' 2 (see
Fig. 14). The origin of the mismatch with Chluba (2014) was traced
back to a incorrect omissions of first order temperature corrections
to the scattering efficiency, and an improved estimate for the ef-
fect in the limit of small distortions was given [Eq. (55)]. Interest-
ingly, the net effect of relativistic corrections, even if individually
more significant, is greatly reduced. However, for large distortions,
these can become more pronounced given that in this case signifi-
cantly higher electron temperatures can be reached (Fig. 13). Time-
dependent corrections are found to play a secondary role (Fig. 12),
but a complete and self-consistent treatment is left to a forthcoming
publication, in which we also will consider constraints on continu-
ous energy release scenarios.
Using our results, we also gave revised CMB spectral dis-
tortion constraints on the allowed energy release at high redshift
(Fig. 15). The limits tighten significantly at redshift z & 3 × 106,
complementing limits derived from measurements of Neff and light
element abundances. This allowed us to obtain improved limits
on the PBHs abundance for masses, MBH ' 1011 − 1012 g. At
MBH . 1011 g, limits from Neff dominate, while being clearly su-
perseded by spectral distortion constrains on the high mass end.
For decaying particle scenarios, we explicitly confirmed that a
small distortion treatment gives consistent estimates for the fraction
of energy that is still visible as a distortion today (Fig. 18). Convert-
ing these results into limits on the particle yield (Fig. 19) showed
that a more careful forecast for particles with lifetimes tX . 107 s
would be important. Estimates for the distortion constraints ob-
tained using the single-injection visibility furthermore greatly un-
derestimate the limits, as previously pointed out (Chluba & Sun-
yaev 2012; Chluba & Jeong 2014). An extension to large distortion
scenarios from decaying particles and a derivation of revised limits
on the small-scale power spectrum (briefly discuss in Sect. 6.4) are
left to a forthcoming publication, but can be expected to tighten for
distortions created early on. Our work again highlights the comple-
mentarity between particle physics and early Universe cosmology
with CMB spectral distortions as a novel probe.
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